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Abstract. The spinor representation is developed for conformal immersions 
of Riemann surfaces into space. We adapt the approach of Dennis Sullivan 
[32], which treats a spin structure on a Riemann surface M as a complex line 
bundle S whose square is the canonical line bundle K = T(M). Given a 
conformal immersion of M into R 3 , the unique spin strucure on S 2 pulls back 
via the Gauss map to a spin structure S on M, and gives rise to a pair of 
smooth sections (si,S2) of S. Conversely, any pair of sections of S generates 
a (possibly periodic) conformal immersion of M under a suitable integrability 
condition, which for a minimal surface is simply that the spinor sections are 
meromorphic. 

A spin structure S also determines (and is determined by) the regular 
homotopy class of the immersion by way of a Z2-quadratic form 55. We present 
an analytic expression for the Arf invariant of qs , which decides whether or 
not the correponding immersion can be deformed to an embedding. The Arf 
invariant also turns out to be an obstruction, for example, to the existence of 
certain complete minimal immersions. 

The later parts of this paper use the spinor representation to investigate 
minimal surfaces with embedded planar ends. In general, we show for a spin 
structure S on a compact Riemann surface M with punctures at P that the 
space of all such (possibly periodic) minimal immersions of M\P into R 3 (upto 
homothety) is the the product of S 1 X H 3 with the Grassmanian of 2-planes in 
a complex vector space K, of meromorphic sections of S. An important tool - a 
skew-symmetric form Q defined by residues of a certain meromorphic quadratic 
differential on M — lets us compute how K, varies as M and P are varied. Then 
we apply this to determine the moduli spaces of planar-ended minimal spheres 
and real projective planes, and also to construct a new family of minimal 
tori and a minimal Klein bottle with 4 ends. These surfaces compactify in 
S 3 to yield surfaces critical for the Mobius invariant squared mean curvature 
functional W . On the other hand, Robert Bryant [5] has shown all W-critical 
spheres and real projective planes arise this way. Thus we find at the same 
time the moduli spaces of VF-critical spheres and real projective planes via the 
spinor representation. 
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Introduction 



In this paper we investigate the interplay between spin structures on a Riemann 
surface M and immersions of M into three-space. Here, a spin structure is a 
complex line bundle S over M such that S <£> S is the holomorphic (co)tangent 
bundle T(M) of M. Thus we may view a section of a S as a "square root" of a 
(1, 0)-form on M. Using this notion of spin structure, in the first part of this paper 
we develop the notion of the spinor representation of a surface in space, generalizing 
an observation of Dennis Sullivan [32]. The classical Weierstrass representation for 
a minimal surface is 



where g and n are respectively a meromorphic function and 1-form on the underlying 
compact Riemann surface. The spinor representation (Theorem 3) is 



where si and s 2 are meromorphic sections of a spin structure S. Either repre- 
sentation gives a (weakly) conformal harmonic map M — > M 3 , which therefore 
parametrizes a (branched) minimal surface. In fact, either can be used to construct 
any conformal immersion (not necessarily minimal) of a surface if we relax the 
meromorphic condition on the data to a suitable integrability condition: in terms 
of spinors, we require that (s\, s 2 ) satisfy the first-order equation 



which clearly reduces to the Cauchy-Ricmann equations on a minimal surface (The- 
orem 4), that is, when the mean curvature H vanishes. 

One feature of the spinor representation is that fundamental topological informa- 
tion, such as the regular homotopy class of the immersion, can be read off directly 
from the analytic data (Theorem 5) . In fact for tori, and more generally for hyper- 
elliptic Riemann surfaces (Theorem 21), we are able to give an explicit calculation 
of the Arf invariant for the immersion: the Arf invariant distinguishes whether or 
not an immersion of an orientable surface is regularly homotopic to an embedding. 
We also consider the spinor representation for nonorientable surfaces in terms of a 
lifting to the orientation double cover (Theorem 8). This is sufficient for construct- 
ing minimal examples later in the paper, but is less satisfying theoretically. In a 
future paper, we plan to consider the general case from the perspective of "pin" 
structures, and also give a more direct differential geometric treatment of the Arf 
invariant. 

The second part of this paper considers finite-total-curvature minimal surfaces 
from the viewpoint of the spinor representation, particularly surfaces with embed- 
ded planar ends. It is well-known (see [5], [18], [19]) that such surfaces conformally 
compactify to give cxtrema for the squared mean curvature integral W — J H 2 dA 
popularized by Willmore. Conversely, for genus zero, all VT-critical surfaces arise 
this way [5]. Using the spinor representation to study these special minimal sur- 
faces has the computational advantage of converting certain quadratic conditions 
to linear ones. In fact, associated to a spin structure 5ona closed orientable Rie- 
mann surface M is a vector space JC of sections of S such that pairs of independent 




(si,s 2 ) — > Re / (s\ - s%,i(s\ + si), 2sis 2 ), 



d(si, s 2 ) = H(\ Sl \ 2 + \s 2 \ 2 )(s 2 , -si) 
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sections (si, S2) from K. form the spinor representations of all the minimal immer- 
sions of M with embedded planar ends (Theorems 9 and 10). Thus the problem 
of finding all these immersions is reduced to an algebraic problem (Theorem 11); 
to better understand /C, a skew-symmetric bilinear form ft is defined from whose 
kernel JC is computable (Definition 2 and Theorem 12). 

The third (and final) part of this paper is devoted to the construction of ex- 
amples and to classification results. Specifically, for a given finite topological type 
of surface, we explore the moduli space M of immersed minimal surfaces (up to 
similarity) of this type with embedded planar ends: the dimension and topology 
of A4, convergence to degenerate cases (that is, the natural closure of A4), and 
examples with special symmetry (which correspond to singular points of M). The 
tools mentioned above permit the broad outline of a solution, but require ingenuity 
to apply in particular cases. For example, the form fl allows the moduli space to 
be expressed as a determinantal variety which determines how the location of the 
ends can vary along the Riemann surface M. However, this determinantal variety 
is only computable when the number of ends is small. Furthermore, the basic tools, 
being algebraic geometrical, ignore the real analytic problems of removing periods 
and branch points. The latter require much subtler and often ad hoc methods. 

Previously known results concerning minimal surfaces with embedded planar 
ends include the following: 

• spheres exist for 4, 6, and every n > 8 ends [5], [19], [28]; 

• there are no immersed spheres with 3, 5, and 7 ends [6]; 

• the moduli spaces of immersed spheres with 4 and 6 ends, and projective 
planes with 3 ends have been determined [6]; 

• there exist rectangular tori with 4 ends [8]. 

Using the spinor representation we find: 

• a new proof of the non-existence of spheres with 3, 5 and 7 ends is given 
using the skew-symmetric form il (Theorem 13); 

• the moduli space of spheres with 2p ends (2 < p < 7) is shown to be 
4(p — l)-dimcnsional (Theorem 14); 

• the point which compactifics the moduli space of projective planes with 3 
ends is proved to be a Mobius strip, and all symmetries of these surfaces 
are found (Theorem 17); 

• there are no three-ended tori (Theorem 18); 

• there is a real two-dimensional family of four-ended immersed examples on 
each conformal type of torus (Theorem 19); 

• there exists an immersed Klein bottle with four ends (Theorem 20). 

For higher genus, the general methods we have developed here also yield (possibly 
branched) minimal immersions with embedded planar ends, but it becomes more 
and more difficult to determine precisely when branch points are absent or periods 
vanish: we again postpone this case to a future paper. 

Most of the theorems presented here were worked out while we visited the In- 
stitute for Advanced Study during the 1992 Fall term, and were first recorded in 
[31]. We thank the School of Mathematics at the Institute for its hospitality, as 
well as A. Bobcnko, G. Kamberov, P. Norman, F. Pedit, U. Pinkall, J. Richter, D. 
Sullivan, J. Sullivan and I. Taimanov for their comments and interest. Additionally, 
we should mention some more recent related developments in [4] and [15]. 
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Part I. Spinors, Regular Homotopy Classes and the Arf Invariant 

The notion of a spin structure is developed and used to describe the spinor 
representation of a surface in space. Section 2 defines a "quadratic form" which 
can be used to completely classify the spin structures on a surface, and Section 3 
computes coordinates for the unique spin structure on the Riemann sphere. In the 
next two sections, the spinor representation of a surface is explained and related 
to the regular homotopy class of the surface. Section 6 shows equivalent charac- 
terizations of spin structures, the most useful of which will be that of representing 
spin structures by holomorphic differentials. These differentials are computed on 
tori (and, in Appendix B, on hyperelliptic Riemann surfaces). Section 8 takes up 
the question of group action on spinors, and computes the group which performs 
Euclidean similarity transformations. Two surfaces which are transforms of each 
other under the action of this group are considered to be the same. The final two 
sections discuss briefly the technicalities of periods and nonorientable surfaces. 

1. Spin structures on a surface 

A spin structure on an n-dimensional (spin) manifold M is a certain two-sheeted 
covering map of the SO(n)-frame-bundle on M to a Spin(n)-bundle (see [25], [22]). 
When n = 2, this notion of spin structure may easily be reduced to the following 
definition in terms of a quadratic map between complex line bundles: 

/* 

S ► K = T(M) 




M 



FIGURE 1. Spin structure 

Definition 1. A spin structure on a Riemann surface M is a complex line bundle S 
over M together with a smooth surjective fiber-preserving map fi : S — ► K to the 
holomorphic (co)tangent bundle K = T(M) satisfying 

(1) M (As) = AV(s) 

for any section s of S. We refer to a section of S as a spinor. 

Two spin structures (S,/i) and (S',fj/) on a Riemann surface M are isomorphic 
if there is a line bundle isomorphism S : S — ► 5" for which \i = /j,'5. Hence two 
spin structures may be isomorphic as line bundles and yet not be isomorphic as spin 
structures. The number of non- isomorphic spin structures on a Riemann surface 
M is equal to the cardinality of H 1 (M, Z 2 ). (This count remains true for spin 
manifolds in general: see [25].) In particular, if M is a closed Riemann surface of 
genus g, there are 2 2s = #H 1 (M,Z 2 ) such structures on M. 

An important example is the annulus A = C*. There are exactly two non- 
isomorphic spin structures on A, which can be given explicitly as follows. The 
(co)tangent bundle T(A) may be identified with A x C by means of the global 
trivialization 

a dz\ i-» (p,a). 
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Let So = Si = A x C and define maps fik ■ Sk — ► T(A) for k = 0, 1 by 

fM){z,w) = (z,w 2 ), 
m(z,w) = (z,zw 2 ). 

Then (Sk,/J.k) are spin structures on A since fik satisfies the condition (1). Though 
So and Si are isomorphic line bundles over A, they are non-isomorphic spin struc- 
tures. For if So and Si were isomorphic spin structures with bundle isomorphism 
S : So — > 5*1 satisfying ^ = Mi^> then (5 would be of the form (z, w) i-> (z, /(z, tu)). 
Then u; 2 = z/ 2 , implying that z has a consistent square root on C*, which is im- 
possible. 

2. The quadratic form associated to a spin structure 

In this section, the Ricmann surface M, its holomorphic (co)tangcnt bundle, and 
the spin structure are replaced with the corresponding real manifold and real vector 
bundles. In particular, all vector fields in this section are real vector fields. 

To each spin structure S on the Riemann surface M we associate a Z 2 -valued 
quadratic form 

q s : Hi(M,Z 2 ) — »Za. 
To say that qs is quadratic means that for all ci, c 2 £ Hi(M,Z 2 ) we have 

Qs(ci + c 2 ) = <?s(ci) + qs(c 2 ) + ci ■ c 2 . 

where ci • c 2 denotes the intersection number (mod 2) of ci with c 2 ■ 

To define qs{c), let a : S 1 — > M be a smooth embedded representative of c 
(the existence of such an a follows from results in [24]). Let v be a smooth vector 
field along a which lifts to a section of S along a, and let w(a, v) denote the 
total turning number (mod 2) of the derivative vector a' against v along a. Define 
q s {c) = w(a, v) + 1. 

Theorem 1. The form q s : Hi(M,Z 2 ) — ► Z 2 is well-defined, that is, independent 
of the choice of the vector field v and the choice of embedded representative a, and 
qs is quadratic in the above sense. 

The proof is given in Appendix A (see also [3] and [14]). 

A well-known result (see, for example, [29]) is that the equivalence class of a 
quadratic form q : Hi(M, Z 2 ) — ► Z 2 under linear changes of bases of Hi(M, Z 2 ) is 
determined by its Arf invariant 

(2) A^^rEC- 1 ) 9 ^ 

where H = Hi(M, Z 2 ). The quadraticity of q insures that this invariant has values 
in { + 1, —1}. For a compact surface of genus g, there are 2 2g ~ 1 + 2 9 ~ 1 spin structures 
for which the Arf invariant of the corresponding quadratic form is +1, and 2 2g ~ 1 — 
2 9_1 spin structures for which it is —1 (compare Appendix B). 

An alternate interpretation [2] of the Arf invariant is Arf qs = (— l) dlm ' H s j where 
Hs is the space of holomorphic sections of S (also see [3]). 
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3. The spin structure on the Riemann sphere 

The following description of the unique spin structure on S 2 , as well as the spinor 
representation of a surface in the next section, are adapted from [32]. Identify 

S 2 S [Q] = {[z lt z 2 , z 3 ] G CP 2 \zl + z 2 2 +zl = 0}, 

where Q is the null quadric 

Q = {(z u z2, za) G C 3 | z\ + zl + z 2 = 0}. 

Then T(S 2 ) may be identified with the restriction to [Q] of the tautological line 
bundle 

Taut(CP 2 ) = {(A, a:) G CP 2 x C 3 | x G A} 
(here, CP 2 is thought of as the lines in C 3 ), so 

(3) T{S 2 ) S Taut(CP 2 )| [Q] = {(A, x) G [Q] x Q | x = or tt(x) G A}, 

where 7r : Q — > [Q] is the canonical projection. Given this, the unique spin 
structure Spin(S' 2 ) on S 2 may then be identified with the tautological line bundle 

(4) Spin(S 2 ) = Taut(CP 1 ) S {(A, x) G CP 1 x C 2 | x G A}, 
with the associated mapping ^ given by 

/z([2i,z 2 ],(si,s 2 )) = ([o-(2i,Z2)],cr(si,s 2 )), 
where cr : C 2 — ► Q is the "Segre" map defined by 

(5) (r(z 1 ,z 2 ) = {z\ - z\, i{z\ + zf ), 2zi2 2 )- 

As may be checked, the map fi satisfies the conditions of Definition 1. 

When T(S 2 ) and Spin(5 2 ) are restricted respectively to their nonzero vectors 
and nonzero spinors, they have single coordinate charts 

{nonzero vectors in T(S 2 )} — ► Q \ {0} 
{nonzero spinors in Spin(S' 2 )} — > C 2 \ {0} 

defined by taking the second component in each of (3) and (4) respectively. In this 
case, [i may be thought of as the two-to-one covering map a : C 2 \ {0} — ► Q \ {0}. 

4. The spinor representation of a surface in space 

To describe the spinor representation, let M be a connected Riemann surface 
with a local complex coordinate z, and X : M — ► M 3 a conformal (but not 
necessarily minimal) immersion of M into space. Since X is conformal, its z- 
derivative dX = u can be viewed as a null vector in C 3 , or via (3), as a map into 
the (co)tangent bundle T(S 2 ). The Gauss map g associated to X can be viewed 
as a (not necessarily meromorphic) function g : M — ► C U {oo} by identifying S 2 
and C U {oo} (via stereographic projection). This induces the bundle map (uj, g) as 
in the lower square of Figure 2. 

The Weierstrass representation of the immersion X above is the pair (g, n), where 
g is the stereographic projection of the Gauss map, and r] is the (1, 0)-form (again, 
not necessarily meromorphic) on M satisfying 

dX = u= (l-g 2 ,i(l+g 2 ) 1 2g)r ! . 
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Reversing this procedure (up to the problem of periods — see Section 9) one 
obtains the following classical result. 

Theorem 2. Given a bundle map (co,g) of K = T(M) into T(S 2 ), if u) satisfies the 
integrability condition 

Rc duj = 0, 

the R 3 -valued form Rew is closed (so locally exact), and thus 

X = Re J lo:M — >R 3 

is a (possibly periodic, branched) conformal immersion with Gauss map g. 

S t Spin(S 2 ) 



K = T(M) T(S 2 ) 



M -S 2 

Figure 2. Spinor representation of a surface 

The spinor representation of the immersion is obtained by lifting (see Figure 2) 
uj to the spin structures on M and S 2 . 

Theorem 3. Let S be a spin structure on M, and (ip, g) a bundle map as in Figure 2. 
Assume the integrability condition. Then there exists a (possibly periodic, branched) 
immersion X : M — ► R 3 with Gauss map g, whose differential dX = lu lifts to ip. 
On the other hand, if (u), g) is a bundle map of K = T(M) into T(S 2 ), then 

(i) there is a unique spin structure S on M such that ui lifts to a bundle map 
ip:S — ► Spin(5 2 ); 

(ii) there are exactly two such lifts tp, and these differ only by sign. 

Proof. The integrability condition Rc duj = (or its spinor equivalent, in Theorem 
4 below) implies that X is well-defined up to periods. 

(i) . Considering Spin(S' 2 ) as a Z2-bundle on T(S 2 ) when restricted to nonzero 
spinors and vectors respectively, let S be the (unique) pullback bundle of Spin(5* 2 ) 
under u, and /U, ip as shown. Extend S, ip, and \x to include the zero spinors. 

(ii) . If l : Spin(5 2 ) — ► Spin(5 2 ) is the order-two deck transformation for the 
covering Spin(5 2 ) — ► T(S 2 ), then l o ^ is another map which in place of ip makes 
the diagram commute. Conversely, if Q : S — ► Spin(5' 2 ) is such a map, then for 
x e S, C(x) is tp(x) or to %j){x) and continuity implies that Q = or vfy. □ 

The Weierstrass and spinor representations are related by the equation 



u = a{tj}) = {s\ - s\, i{s\ + si), 2s 1 s 2 ), 
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where tp = (si, s 2 ) is viewed as a pair of sections of S, and the squaring- map /i is 
kept implicit by writing s 2 for ^i(s) and st for |(/i(s + 1) — m( s — Thus these 
representations satisfy 

r\ = s\ and g — s 2 /si. 

How is the integrability condition expressed using spinors? We compute in the 
local coordinate z, where there are two sections of S whose images under /i are the 
(l,0)-form dz. Choose one of these sections, and refer to it consistently as Vdz = ip. 
Then any spinor can be written locally in the form s = f(p, with s 2 = fi(s) = f 2 dz. 
We define 

ds = df ip and ds = df (p, 

sections ofK®S = S®S®S and K ® S = S ®S ® S = S ® \S\ 2 , respectively. 
For the spinor pair tp = (s\,S2), we also write <j)ip = d(—s~2, si), as suggested by 
Kamberov [15]; upto a conformal factor, ^ is the Dirac operator associated to S. 

The first fundamental form (or equivalently, the area form) of the conformal 
immersion A" is a section of \K\ 2 = \S\ 4 given by 

2M 2 = 4(| Sl | 2 + |,s 2 | 2 ) 2 = 4H 4 . 

The second fundamental form has trace-free part (the Hopf differential, a section 
of K ® K) given by 

$ = ndg = sids 2 — s 2 dsi = — tp ■ (j)tp. 
Half its trace (the mean curvature) is 

n • doj —sids2 + s 2 ds\ ip ■ <^ip 



H 



to\ 2 (|si| 2 + M 2 ) 2 IV'I 4 

where now the Gauss map is viewed as the unit normal vector to the surface 

(2g, \g\ 2 - 1) (sis 2 + S2S1, i(s!S2 - s 2 si), |s 2 | 2 - |ai| 2 ) „ 3 

n _ — 1 1 2 1 1 — _ i — 12TI — 12 e (L x jk — M . 

Isl+l |si| 2 + |s 2 |' i 

Differentiating the relation w = cr(tp) and using the formulas above allow us to re- 
express the integrability condition Re duj = as follows. 

Theorem 4. The integrability condition for the spinor representation tp = (s\, s 2 ) 
is that the matrix 

si s 2 si s 2 \ _ ( tp tp 
-&s 2 dsi -ds 2 dsi J \ ftp @ip 

has (real) rank 1. Equivalently, tp satisfies a non-linear Dirac equation 

@ip = H\tP\ 2 tP 

for some real-valued function H, necessarily the mean curvature of the surface. 

Versions of this last equation have been observed also by other mathematicians, 
including Abresch [1], Bobenko [4], Pinkall and Richtcr [15], and Taimanov [17]. It 
is satisfied for a minimal surface (H = 0) if and only if tp = (si, s 2 ) is meromorphic. 
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5. Regular homotopy classes and spin structures 

Let X\,X 2 : M — ► M 3 be two immersions of a surface into space. Recall 
the distinction between regular homotopy equivalence of the immersions Xi, X 2 , 
and regular homotopy equivalence of the corresponding immersed surfaces — these 
immersed surfaces are regularly homotopic if there is a diffcomorphism h of M such 
that X 2 is regularly homotopic to X\ o h — so this latter equivalence relation is 
coarser. 

Theorem 5. Let X\,X 2 : M — ► K 3 be two immersions of a surface into space, let 
Si, S 2 the spin structures induced as in Theorem 3, and let qi, q 2 be the associated 
quadratic forms as in Theorem 1 . Then 

(i) Xi and X2 are regularly homotopic if and only if qi = q 2 (mod 2). 

(ii) The immersed surfaces X\(M) and X 2 (M) are regularly homotopic if and 
only if Arf qi = Arf q 2 . In particular, an immersed surface is regularly 
homotopic to an embedding if and only if its Arf invariant equals +1. 

Sketch of proof . Define q(a) as half the linking number (mod 2) of the boundary 
curves of the image of a tubular neighborhood of a in M 3 . Then (for i = 1, 2) 

the Darboux frame along a 
qi(a) = if and only if is nontrivial as an element of if and only if q~i(a) = 0. 

7Tl(SO(3)) 

Hence qt = qi (mod 2). But X\, X 2 are regularly homotopic if and only if q~\ = q 2 
(mod 2), and the corresponding immersed surfaces are regularly homotopic if and 
only if Arfqx = Arf<7 2 (see [29]). □ 

6. Spin structures and even-order differentials 

Theorem 6 ties the notion of spin structure with other concepts from algebraic 
geometry. Recall that a theta characteristic on a Riemann surface is a divisor D 
such that 2D is the canonical divisor. 

Theorem 6. Given a Riemann surface M, there are natural bisections between the 
following sets of objects: 

(i) the spin structures on M; 

(ii) the complex line bundles S on M satisfying S ® S = K ; 

(iii) the theta characteristics on M ; 

(iv) the classes of non-identically-zero meromorphic differential forms on M 
whose zeros and poles have even orders, under the equivalence 

■ t , 11 = h 2 for some meromorphic 

m ~ m it and only it ,A ± . , 

y J function h on M. 

Proof, (i) if and only if (ii). Given a line bundle S on M satisfying S ® S = K, 
S is a spin structure with squaring map fi : S — > S <8> S defined by /i(s) ~ s (£> s. 
Conversely, given a spin structure S on M, the bundle map fi(s) 1— > s <E> s is well- 
defined and a vector-bundle isomorphism, so K is isomorphic to S ® S. 

(ii) if and only if (iii). Via the natural correspondence between the line bundles 
on M with the divisor classes, this set of line bundles is bijective with the theta 
characteristics. 
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(Hi) if and only if (iv). Again, there is a natural bijection between the meromor- 
phic differentials with zeros and poles of even orders and the theta characteristics. 
Given such a differential 77, the corresponding theta characteristic is \{rj). More- 
over, two such differentials correspond to theta characteristics in the same linear 
equivalence class if and only if their ratio is the square of a mcromorphic function 
on M. For 771/772 = h 2 if and only if |(»7i) - |(»?2) = (h). □ 

The spin structures on a compact Riemann surface are also bijective with the 
various translates of the theta functions on the surface (see [26] for the defi- 

nition of ,?[£]). 

7. Spin structures on tori 

We compute the four spin structures on a Riemann torus T together with their 
values of q. Let C/{2ur, 2^3} = Jac(T) be the Jacobian for T, and let e, = p{un) 
(i = 1, 2, 3), where L02 = wi + UI3. Then h(u) = (p(u),p'(u)) is a conformal 
diffeomorphism from the Jacobian to the Riemann surface M defined by w 2 = 
A{z — ei)(z — e 2 )(z — e 3 ). It is then elementary to show that the four differentials 

du — dz/w, 
(p(u) — ei)du — (z — ei)dz/w 

define the four distinct spin structures as in Theorem 6. With a, the generator of 
Hi(T, Z2) defined by Qj : [0, 1] — > Jac(T), cti(t) = 2tWi, the values of q and Arfq 
are tabulated. 

Table 1 . Values of q and Arf q for spin structures on tori 



V 


9.(0) 


Qv( a i) 


977(0:2) 


977(03) 


Ariq v 


du 





1 


1 


1 


-1 


(p(u) - ei)du 





1 








+1 


(p(u) - e 2 )du 








1 





+1 


(p(u) - e 3 )du 











1 


+1 



An immersion corresponding to q for which Arfg = +1 is regularly homotopic 
to the torus standardly embedded in M 3 . The value Arf (7 = — 1 corresponds to the 
twisted torus, which can be realized as the "diagonal" double covering of the stan- 
dardly embedded torus as shown, but is not regularly homotopic to an embedding. 

The more general case of hyperelliptic Riemann surfaces is considered in Ap- 
pendix B, where the spin structures and their corresponding quadratic forms are 
computed explicitly. 




Figure 3. The twisted torus 
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8. Group action on spinors 
The automorphism group of Q is the linear conformal group 

C* x SO(3,C). 

The orbit of a conformal immersion X with dX = lu £ Q under this action is an 
8-real-dimcnsional family of immersions. (This action, however, will not respect 
the vanishing of periods — see Section 9.) The subgroup 

K+ x SO(3,R) 

is the group of similarity transformations of Euclidean 3-space. Hence the homo- 
geneous space 

(6) (C* x SO(3,C)) /(R+ x SO(3,R)) S S 1 x (SO(3,C)/SO(3,R)) . 

is the 4-real-dimensional parameter space of non-similar surfaces in the above orbit. 

In terms of spinors, we use the two-fold spin covering group GL(2, C) to get this 
family of immersions, as justified by the following well-known fact (see, for example, 
[11], [30]). Some details are given in Appendix C. 

Theorem 7. There is a unique two-fold covering homomorphism (spin) 

T : GL(2,C) — » C* x SO(3,C) 
such that for any A e GL(2, C), 

(7) T{A)a = crA, 

where a : C 2 — ► Q is as in equation (5), and A and T(A) act by left multiplication 
on C 2 and Q respectively. Moreover, T restricts to a two-fold covering o/SL(2,C), 
K* x SU(2), and SU(2) onto SO(3,C), K* x SO(3), and SO(3). 

Lifting the group action on Q to an action on C 2 \ {0} via T, the homogeneous 
space in equation (6) can also be written 

(8) (GL(2,C))/(R* x SU(2)) = S 1 x (SL(2, C)/SU(2)) = S 1 x H 3 , 

where H 3 is hyperbolic three-space. The S 1 factor gives rise to the well-known 
"associate family" of minimal surfaces, which are locally isometric and share a 
common Gauss map. The other factor has a simple (though apparently less known) 
geometric interpretation as well. The Gauss map is the ratio of two spinors, so 
SO(3, C) = PSL(2, C) acts on the Gauss map via post-composition with a fractional 
linear transformation of S 2 ; indeed, the quotient by SO(3,R) = PSU(2) leaves H 3 , 
so the second factor can be thought of as the non-rigid Mobius deformations of the 
Gauss map. 
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9. Periods 

Given an immersion X : M — ► M 3 , the period around a simple closed curve 
7 C M is the vector in C 3 



dX. 

'7 

If the real part of a period is not (0, 0, 0), the resulting surface is periodic and does 
not have finite total curvature. It is a considerable problem to "kill the periods" - 
that is, choose parameters so that the integrals around every simple closed curve 
in M generates purely imaginary period vectors. Non-zero periods can arise along 
two kinds of simple closed curves: 

• a simple closed curve around an end p £ M, 

• a non-trivial simple closed curve in Hi(M,Z). 

For minimal surfaces, dX is meromorphic, and a simple closed curve 7 around an 
end p £ M has period 



dX = 2m resp dX. 



'7 

This integral is zero for minimal surfaces with embedded planar ends (see Section 
11). 

Using the spinor representation, the condition that a period along a closed curve 
7 C M be pure imaginary can be expressed by 



/'■ 



[s\ - s%,i{s\ + sl),2s 1 s 2 ) £ 



equivalent to 



(9) I s { = I s\ and / Sl s 2 £ iR. 

These equations are preserved by the group R* x SU(2) of homotheties. 



10. Spin structures and nonorientable surfaces 

To deal with immersions of a nonorientable surface M into space, we pass to the 
oriented two-fold cover of M. The following rather technical results are required in 
Part III. Without proof we state: 



Lemma 1. Let 

A : S 2 ► S 2 be the antipodal map, 

A« : T(S 2 ) — > T(S 2 ) the derivative of A, 

i* : Spin(S' 2 ) — ► Spin(5 2 ) one of the lifts of A, to Spin(S 2 ) . 

Then, in the coordinates of Section 4, we have 

A* = Conj A* = ± ( ^ . l)o Conj . 
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Spin(5 2 ) A * ( Spin(5 2 ) 



T(S 2 ) 



T(S 2 ) 



Figure 4. Lifts of the antipodal map 

Theorem 8. Let M be a nonorientable Riemann jsurface, and X : M — ► M 3 a 
conformal immersion of M into space. Let it : M — ► M be an oriented double 
cover of M, and X = X o n the lift of X to this cover^ Let I : M — ► M the 
order-two deck transformation for the cover. With ui = dX , and in the notation of 
Lemma 1, we have 

(i) gl = Ag, 

(ii) ul* = A*u, 

(iii) tpL* = ±i*V- 

We remark that the proper treatment of nonorientable surfaces should really be 
via "pin" structures (Pin(n) being the corresponding two-sheeted covering group of 
O(n)), and that in this case we should have an analytic formula (in analogy with 
that in Appendix B for the Z 2 -valued Arf invariant on hyperelliptic surfaces) for 
the full Z 8 -valued Arf invariant 

q(a) 



of the associated Z 4 -valued quadratic form q on H = H 1 (M, Z 2 ). 
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Part II. Minimal Immersions with Embedded Planar Ends 

The first section of this part of our paper discusses the behavior of a minimal 
immersion at an embedded planar end. Lemma 2 translates this geometric behavior 
to a necessary and sufficient algebraic condition on the order and residue of the 
immersion at the end. Arising naturally from this algebraic condition is a certain 
vector subspace JC of holomorphic spinors which generates all minimal surfaces 
with embedded planar ends (Theorem 10). More precisely, two sections chosen 
from /C form the spinor representation of a minimal surface, and conversely, any 
such surface must arise this way (Theorem 9). However, such a surface is usually 
periodic, and possibly a branched immersion. In order to compute K, explicitly, 
a skew-symmetric bilinear form SI is constructed (Definition 2) whose kernel is 
closely related to the space K. In Part III, this form is used to prove existence and 
non-existence theorems for a variety of examples. 

11. Algebraic characterization of embedded planar ends 

The geometric condition that an end of a minimal immersion be embedded and 
planar can be translated to algebraic conditions (sec, for example, [7]). Let A : 
D \ {p} — > K 3 be a conformal minimal immersion of an open disk D punctured 
at p such that lim g ^ p |A(g)| = oo. The image under A of a small neighborhood of 
p (and by association, p itself) is what we shall refer to as an end. The behavior 
of the end is determined by the residues and the orders of the poles of dX at p as 
follows. 

Let Ci, C2, C3 be defined by 



First note that for A to be well-defined, we must have for any closed curve 7, 
which winds once around p, 



and so res p dX must be real. Assume this, and assume initially that the limiting 
normal to the end is upward (that is g(p) = 00). In this case, 



so the first two coordinates of X(q) grow faster than does the third as q — > p. 
It follows that ordp (2 cannot be —1, because if it were then 



would not be real. Hence ord p C2 < — 2. The image under A of a small closed curve 
around p is a large curve which winds around the end | ord p C2I — 1 times. The end 
is embedded precisely when ord p £2 = —2. 

If an end is embedded, its behavior is determined by the vanishing or non- 
vanishing of the residues of dX. For an embedded end, —2 = ord p ( 2 < ord p ^3, 
so C3 has either a simple pole or no pole. If £3 has a simple pole (and hence also 



SA = (Ci-C2,i(Ci+C2),2C 3 )- 

The Gauss map for this immersion (see [27]) is 

g = C3/C1 = C2/Cs- 




7 



ord p C2 < ordp ( 3 < ordp Ci 



resp d X = (- res p ( 2 , i res p C2 , 0) 
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a residue), the end grows logarithmically relative to its horizontal radius and is a 
catenoid end. If ( 3 has no pole, the end is asymptotic to a horizontal plane and is 
called a planar end. Moreover, in this latter case, res p £2 must vanish (again, if it 
did not, reSp dX would not be real), and so res p dX = (0, 0, 0). 

For an end in general position the same conclusions hold, because a real rotation 
affects neither ordp dX nor the reality or vanishing of res p 9A". In summary, we 
have 

Lemma 2. Let X : D\{p} — ► M 3 be a conformal minimal immersion of a punctured 
disk. Then p is an embedded planar end if and only if 

ordp dX = — 2 and resp dX = 0, 

where ordp dX denotes the minimum order at p of the three coordinates of dX . 

12. Embedded planar ends and spinors 

The conditions in the lemma above can be translated into conditions on the 
spinor representation of the minimal immersion. This leads to the definition of 
a space JC of spinors, pairs of which form the spinor representation satisfying the 
required conditions. 

Throughout the rest of Part II, the following notation is fixed: 

M is a compact Riemann surface of genus g, 
, , K = T(M) is the canonical line bundle, 

S is a spin structure on M, 

P = [Pi] + ' ' ' + [Pn] is a divisor of n distinct points. 

The points p\ , . . . , p n will eventually be the ends of a minimal immersion of M 
whose spinor representation will be a pair of sections of S. 

Let H (M,O(S)) and H°(M,M(S)) denote respectively the vector spaces of 
holomorphic and meromorphic sections of S. Define 

(11) 

T = T m .s,p = {s e H°(M,M(S)) I (s) > -P} 

H = H M ,s = H (M,O(S)) 

K, = )Cm,s,p = {sG^I ordp s^O and res p s 2 = for all p e suppP}. 
We remark that 

/ 10 \ - y -c „ 1 1 -c the constant term in the expansion of s van- 

(12) seJC if and only if ishes at each p e P . 

Thus H and JC are linear subspaces of T . 

Theorem 9. Let X : M — ► M 3 be a minimal immersion with spinor representation 
(s 1; s 2 )- Then p <E M is an embedded planar end if and only if S\, s 2 G tC and at 
least one of Si, s 2 has a pole at p. 

Proof. By Lemma 2, p is an embedded planar end if and only if 

ordp dX — — 2 and res p dX = 0. 
The first of these equations is equivalent to the condition 

si, S2 € T, and at least one of si, s 2 has a pole at p. 
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Suppose that this condition is satisfied, and let z he a conformal coordinate near p 
with z(p) = 0, ip 2 = dz and 



be expansions of s\ and s 2 respectively. Then the condition res p dX = is equiva- 
lent to 

reSpS 2 = 2a_ia = 
res p sis 2 = a_i6 + a 6-i = 
resp s 2 — 2&_ife = 

or, under the assumption that s\ or s 2 has a pole at p (i.e., a_i 7^ or 6_i 7^ 0) 

ao = b Q = 0. 

This is to say that si, s 2 C /C. □ 



13. Moduli spaces of minimal surfaces with embedded planar ends 

The spinor representation yields the following general result for a fixed spin 
structure S over a fixed Riemann surface M with fixed punctures at P. 

Theorem 10. Let P be a divisor and S a spin structure on M as in equation (10), 
and let JC = JCm,s,p as in equation (11) with m = dim/C > 2. Then the space 
of complete minimal (branched, possibly periodic ) immersions of M into R 3 with 
finite total curvature and embedded planar ends at suppP is the complex 2 (to — 1)- 
dimensional manifold Gr 2 (/C) x (S* 1 x iJ 3 ). All these immersions are regularly 
homotopic and in the class determined by S. 

Proof. Fix a point of the Grassmanian Gr 2 (/C), which represents a two-dimensional 
complex plane in JC. Let (ti, £2) be a basis for this plane. Then the family of 
(branched, possibly periodic) minimal immersions is given by X — ReF, where 



and 




for some R € GL(2, C) = C* x SL(2, C). The surfaces are identical (up to a rotation 
or dilation in space) when R G W x SU(2). Thus a parameter space for this family 
of surfaces is S 1 x H 3 (see Section 8). □ 

We remark that Gr 2 (C m ) x (S* 1 x H 3 ) is actually a quaternionic manifold. 
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14. The vector spaces T , H and JC 

When the number of ends exceeds the genus, the dimension of the space T of 
meromorphic sections of S (with at most simple poles at the ends) is computable, 
and any holomorphic section in JC must vanish. 

Theorem 11. Let M, P, and S be as in equation (10), and T , TL, and JC as in 
equation (11). Let g = genus (M) and n = degP. Then, under the assumption 
that n> g, 

(i) dim J 7 = n; 

(ii) JC H TL = 0. 

Proof of (i). The dimension of T can be computed by means of the Ricmann-Roch 
theorem (see, for example, [13]) which states 

dim H°(M, L) - dim H°(M, K ® L*) = deg L - g + 1 

for an arbitrary line bundle L. Let R be the line bundle corresponding to the divisor 
P, and let L = S <g> R. Then: 

• H°(M,L) = T by the isomorphism s <£> r *— > s, where r is a section of R 
with divisor P; 

• H°(M, K <g> L*) = 0, since dcg(K ®L*)=g — 1 — n, which is negative by 
hypothesis; 

• degi — p + 1 = n; 

from which it follows that 

dimjc = dim H° (M, L) = n. 

Proof of (ii). Let s e JC n 7Y be a section which is not identically zero. Since 
s G /C, we have that ord p s ^ for all p e suppP — that is, at each such p, s has 
either a pole or a zero. But since s e H, s cannot have a pole at p, and hence has 
a zero, so (s) > P. Conversely, if (s) > P, then s g /C n 7Y, so 

/Cnw = {«ef | (s)>P}. 

Thus for s g /C n TL not identically zero, 

n < degs = g — 1. 
Hence if n > then /CflH=0. □ 

15. A BILINEAR FORM WHICH ANNIHILATES JC 

To understand the vector space K, — K,m,s,p more explicitly, a skew-symmetric 
bilinear form £1 is defined on T whose kernel contains JC. This form may then be 
used in many cases to compute JC, and thereby moduli spaces of minimal surfaces 
with embedded planar ends. Since, in effect, we are now interested in varying M 
and P, it is natural to consider quadratic differentials on M with poles at P. If <f> 
is such a differential (that is, a meromorphic section of K ® K ) with expansion 

oo 

$ = ^ a kZ k dz 2 

k— — oo 
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at a point p on M in the conformal coordinate z with z(p) = 0, then the number 
a_ 2 is independent of this choice of coordinate, and is denoted in what follows by 
qres p <&. We shall use the Hopf differential $ = sids 2 — s 2 ds\ from Section 4. 

Definition 2. Mi/i M, P = YJk=i \Pk] 

and S as in equation (10) define O = 

<-->\/./-..- : T • 2 by 

fl(si,s 2 ) = ~ ^qres p (si9s 2 - s 2 dsi), 
peP 

and define tt : T — ► T* by (fi(s))(t) = fi(s, i). 

Theorem 12. Mi/t H ; /C as in equation (11), satisfies the following: 

(i) £1 is a skew- symmetric bilinear form on T ; 

(ii) kcrf2 DJC + H; 

(iii) if)Cnn = Q, then ker ft = /C 7Y; 

(iv) if n = dcg P > g ~ genus (M), i/ien ker ft = /C © 

Proof. Part (i) is immediate from the definition of 0. 

(m,) and (iii). We use a choice of coordinates to factor ft into a pair of linear 
maps whose kernels are H and JC respectively. 

For each k e {1, . . . , n}, let Zk be a conformal coordinate in a neighborhood £4 
of pfe with Zk(pk) = 0. Let <^fc be a spinor on Uk with y>| = dzk- With these choices, 
for any spinor s, let ajf(s) denote the coefficient of z r k in the local expansion of s/ipk 
at pk- That is, the expansion of s at pk is 

s= I ^ v +ag(g) + ... j ¥? fc . 

Then 

= ^res p sis 2 = ^ (a* 1 (si)a§(s 2 ) + ag(si)a^ 1 (s 2 )) 
pep fc=i 

and so 

n 

(13) 0( Sl , S2 ) = -- J2( a -M a o(s2) - ag(«i)a* 1 (s 2 )) 

2 k=i 

n n 

(14) = ^4(s 1 ) a fc _ 1 (s 2 ) = -^ a fe _ 1 (s 1 )a^(s 2 ). 

fe=i fe=i 

Let the linear maps A r : — ► C" (r = — 1, 0) be defined by 

A r (s) = (a 1 r (s),...,a n r (s)). 
Then, identifying (C™)* with C" in the natural way, ft factors as 

ft = (i-i)*oA = -(A )*oA_!. 
Part (ii) then follows from the facts that 

7Y = kerA_i and /C = kerA , 
the latter by equation (12). 
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A B 

Finally, since for any linear maps X — > Y — > Z, 
dim(kcr_B o A) = dim(ker^4) + dim( image A D ker£?) < dim(ker A) + dim(kerS), 
one has 

dim(kcrfi) < dim(kcr + dim(kcrylo) = dim(W) + dim(/C). 

It follows, under the assumption that H n JC = 0, that kerfl = H®K,. This proves 
part (iii). 

(iv). This follows directly from part (iii) and Theorem 11(h). □ 
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Part III. Classification and Examples 

In the first half of Part III, the skew-symmetric form f2 developed in Part II is 
used to investigate minimal genus zero surfaces with embedded planar ends. The 
first two sections demonstrate the non-existence of examples with 2, 3, 5, or 7 ends, 
and the dimension of the moduli space of examples with 4, 6, 8, 10, 12 and 14 ends is 
computed. The following two sections compute explicitly the moduli spaces for the 
families with 4 and 6 ends, and in section 19, the moduli space of the three-ended 
projective planes is investigated. 

The remaining sections are devoted to minimal immersions in the regular homo- 
topy classes of tori and Klein bottles with embedded planar ends. In Sections 20 
and 21, the skew-symmetric form ft is computed for the twisted and the untwisted 
tori. This computation is then used to show the nonexistence and existence of vari- 
ous examples. In Section 22 it is shown that no such tori exist with three ends, and 
in Section 23, is found a real two-dimensional family of twisted immersions with 
four ends exists on each conformal type of torus. An amphichiral minimal Klein 
bottle with four embedded planar ends is constructed in Section 24. 

All of these surfaces are found (or shown not to exist) by the following general 
method: after computing SI on a simple basis, its pfaffian, which is a function of 
the ends, is set to zero. The resulting condition on the placement of the ends - 
that is, the determinantal variety — together with further conditions arising from 
the demand that the immersion have no periods and no branch points, forms a set 
of equations whose simultaneous solution (or impossibility of solution) gives the 
desired result. 

16. Existence and non-existence of genus-zero surfaces 

The non-existence of genus zero minimal unbranched immersions with 3, 5 or 
7 embedded planar ends was first proved in a case-by-case manner in [6]. The 
following is a new proof, using the ideas of Part II. 

Theorem 13. There are no complete minimal branched or unbranched immersions 
of a punctured sphere into space with finite total curvature and 2, 3 ; 5, or 7 embedded 
planar ends. There exist unbranched examples with 4 7 6, and any n > 8 ends. 

Proof. Examples with 2p ends (p > 2) are given in [19], and with 2p+l ends (p > 4) 
in [28]. For the cases n = 3, 5, or 7, by Lemma 3(h) below, 2 < dim/C < [y/n\ < 2 
(here [q] denotes the greatest integer less than or equal to q), so dim/C = 2, which 
contradicts Lemma 3(i) that n — dim/C is even. The case n = 2 is proved in [19] 
(or is proved likewise by Lemma 3 below). □ 

We remark that there is also a simple topological proof of the non-existence 
of genus zero examples with 3 ends, using ideas in [18] and [20]. The trick is to 
exploit the SO(3, C)-action discussed in Section 8 to deform the Gauss map — on 
a punctured sphere with planar ends there is no period obstruction to doing this 
- so the compactified S 2 is in general position with a unique (tranverse) triple- 
point, which is impossible. (By carefully treating the periods introduced by this 
explicit SO(3, C) deformation of the Gauss map, the same kind of argument should 
generalize to exclude orientable minimal surfaces of any genus with three embedded 
planar ends — see Section 22 for a different proof in case of tori.) 
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Lemma 3. Let P be a divisor on the Riemann sphere S 2 as in equation (10) with 
n = dcgP > 2, and let JC = JC S 2.s,p be as in equation (11). Then 

(i) n — dim JC is even; 

(ii) If there exists a complete branched or unbranched minimal immersion of 
S 2 into space with finite total curvature and n embedded planar ends in 
supp(P), then 2 < dim/C < yjn. 

Proof of (i). By Theorem 12, kerfi = JC © H. But H = because there are no 
holomorphic differentials on the sphere, so kerSl = JC. Since O is skew-symmetric, 
rankfi = n — dim/C is even (see Appendix D). 

(ii). The sections s\ and S2 in the spinor representation (s\, S2) of such a surface 
arc independent, showing the inequality 2 < dim/C. To show the other inequality, 
let z be the standard conformal coordinate on 5* 2 = C U {00}, and let P = J2i a i\ 
(where the d t € C arc distinct) be the divisor of the n ends. Let gin, . . . , g m r\ be a 
basis for JC, where n 2 = dz. Define f : S 2 = CP 1 — ► CP" 1-1 by 

/ = (51; ■ • -,5m)- 

Then / is well-defined and holomorphic even at the common zeros and the common 
poles of 01, ...,g m . Let 

K z ) = no - a *)- 

It follows from 

(h 9l ) = (h) + (n) + (g iV ) > (P - n[oo]) + [00] - P = -(n - l)[oo] 

that 

d = deg/ < n - 1. 

To show that / ramifies at each a g suppP, let ft-i(z) = (z — a)gi(z). Then hi 
does not have a pole at a. Moreover, since by hypothesis there exists a minimal 
surface with ends at supp P, at least one of the gi has a pole at a, so the hi cannot 
all be zero at a. Hence the appropriate condition that / ramify at a is 

(hih'j — h' i hj)\ a = for all i, j. 

This is satisfied because of the condition (12) defining JC: the expansion of gi at a 
is 

9i = — — +o(z - a), 

z — a 

so the expansion of hi at a is 

hi = Ci + o(z — a) 2 , 

and so h'^a) = for all i. Since / ramifies at each a g suppP, we have 

ro = ramification index of / > n. 

Now let f k : CP 1 — ► P(A fc+1 C m ) defined by f k = f A /' A • • • A f^ in C m be 
the associated curve of /, and use the Pliicker formulas (an extension of the 
Riemann-Hurwitz formula — see [12]) which on CP 1 are 



-dk-i + 2d k - d k+1 - 2 = r k , 
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where dk is the degree of fk, and r^ is the ramification index of fk- In the table 
below, multiplying the numbers on the left by the inequalities on the right and 
adding yields 

do> (m + n)(m — l)/m. 
But n — 1 > do, so it follows that n> m 2 . □ 

Table 2. Values for the Pliicker formulas 



m — 1 

m-2 

2 
1 



2do — d\ — 2 = r > n 
-d a + 2d x - d 2 - 2 = n > 

-rf m _4 + 2c? m _ 3 — c? m _ 2 — 2 = r m _ 3 > 
-d m -z + 2d m - 2 - 2 = r m _ 2 > 



We may now compute the moduli spaces of genus-zero examples with an even 
number of punctures (ends). 

Theorem 14. For each p > 2 there exists a real 4(p — 1)- dimensional family of 
minimal branched immersions of spheres punctured at 2p points with finite total 
curvature and embedded planar ends. For 2 < p < 7, the moduli space of such 
immersions is exactly 4(p — 1)- dimensional. 

Proof. Let P = Y2i a i] be a divisor of degree 2p on 5 2 , and S the unique spin 
structure on S 2 . Let H and JC be as in equation (14.11). Then pfaffianS! = 
(see Appendix D) if and only if dim/C > 2 if and only if there exists a surface 
with 2p ends at suppP. Counting real dimensions, the space of 2p ends is Ap- 
dimensional; the Mobius transformations of 5* 2 reduce the dimension by 6, and the 
pfafnan condition on the ends reduce the dimension by another 2, so the space of 
ends which admit surfaces is (4p — 8)-dimensional. For each admissible choice of 
ends, by Theorem 10 there is a real (4dim/C — 4)-dimensional space of surfaces. 
Altogether, this totals 4p + 4 dim/C — 12, which is at least 4p — 4 since dim K, > 2. 

In the case that 2 < p < 7, by Lemma 3(ii), 2 < dim/C < [y/2p\ < [\/l4] = 3, so 
dim/C, being even, must be exactly 2. □ 

17. £1 ON THE RlEMANN SPHERE 

For the examples in Sections 18-19 we need to compute the skew-symmetric 
form from Section 15 on the Riemann sphere. Let z be the standard conformal 
coordinate on S 2 = C U {oo}, and let ip 2 ~ dz represent the unique spin structure 

on S 2 . Let P = [ai] H h [o n -i] + [oo] with the a { e C distinct. We have H = 

since there are no holomorphic differentials on the sphere. A basis for T is 

r i f f f 1 
{ti, . . . , t n -i,t n } = < , . . . , , ip 

[z-a 1 z-a n -i 

These sections are in T since 

(t„) = -[oo], {ti) = -[a,i\, 
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and are independent because they have distinct poles, and so are a basis for T since 
dim J 7 = n. By the local calculation (13) for f2, 

— !— {\<i<n-l; l<j<n-l; i^j), 



— 1 (1 < i < n — 1; j = n), 

1 (i = n; 1 < j < n — 1), 

o (t = i). 



18. Genus zero surfaces with four or six embedded planar ends 

The family of minimal genus zero surfaces with four embedded planar ends was 
computed first in [5]. A different computation is included here for completeness, as 
well as an explicit computation of the family of such surfaces with six ends. 

Theorem 15. The space £4 of complete minimal immersions of spheres punctured at 
four points into R 3 with finite total curvature and embedded planar ends is S 1 x H 3 . 

Proof. Let z be the standard conformal coordinate on S 2 = CU {00}. By a Mobius 
transformation of the Riemann sphere S 2 , the ends can be normalized so that two of 
the ends are and 00 and the product of the other two is 1 . Naming the normalized 
ends 

{ai — a, a2 — l/a, 0, 00}, 

the matrix for in the basis 



1 



1 

-,1 



z — ai z — a 2 z 



is 



n 






1 


_J_ 


a2 — ai 


ai 


1 





_ J_ 


L-<12 


a? 


J_ 


J_ 





ai 


12 


1 


1 


1 



V 



-1 \ 

-1 

-1 


/ 



(see Section 17). The pfaffian (see Appendix D) of f2 computes to a nonzero multiple 
of 

(a 2 - V3a + l){a 2 + Via + 1). 

This pfaffian must be zero in order for ker ft = JC to be at least two-dimensional and 
hence to generate surfaces. Setting this pfaffian to zero yields four interchangeable 
solutions for a, one of which is 

a = (y/3 + i)/2. 
With ip 2 = dz as usual, a basis for JC is 
( V3z- 1 



z(z 2 - V3z + 1) 



if and t 2 



z(z - yg) 
z 2 - V3z + 1 



ip. 



Thus there is a single S 1 x H 3 family of immersions, as in Theorem 10, and these 
have no periods since we are on S 2 . □ 
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When there are six ends, the conformal type of the domain is no longer unique: 

Theorem 16. The space Eg of complete minimal immersions of spheres punctured 
at six points into space with finite total curvature and embedded planar ends is 
V x (5 1 x H 3 ), where V is a complex algebraic surface. 

Proof. On the sphere S 2 = C U {00} with standard conformal coordinate z, the 
ends can be normalized so that two of the ends are at and 00, and the prod- 
uct of the remaining four ends is 1. With this normalization, let the ends be 
{01,02,03,04,0,00}. Set 

(Tl = 01+02+03+04, 

02 = -(0102 + 0103 + 0104 + 0203 + 0204 + 0304), 

as = 010203 + 010204 + 010304 + 020304. 
The pfaffian (see Appendix D) of fi is 
(15) pfaffian £1 = T1T3 + u\ 03 — 20, 

where 

Tl = o\ + 3(72 and T3 = a\ + 3(72 . 
The condition that the pfaffian be defines the algebraic subvariety 

V = {(<7i, <72, (73) C (CP 1 ) 3 I pfaffian^ = 0} 

of codimension 1. Each point ((71,(72,(73) of V yields a basis 

/ b 3 z 3 + b 2 z 2 + biz + b \ 
1 \ z(z 4 - a x z 3 - a 2 z 2 - a 3 z + 1) J ^' 

/ z(c 3 z 3 + c 2 z 2 + C\Z + c \ 

t2 = ~i 3 2 TT ^» 

\z 4 - a\z A - a 2 z z - cr 3 z + 1/ 

for lC {cru(T2iC r 3 ) where 

bo = 0"2, C = (7 3 Tl + 5(7i, 

6l = -(72(73, Cl = a 2 Tl - 2(71(73 - 10, 

b 2 = CF 2 T 3 - 2(71(73 - 10, C 2 = -(71(72, 

&3 = C1T3 + 5(7 3 , C3 = 0"2, 

and where f 2 = dz. The 5* 1 x H 3 family arises as before. □ 

That the four- and six-ended families are immersed follows from Lemma 4 below, 
which in turn follows directly from the definitions of the spaces in equation (10). 

Lemma 4. On the sphere with its unique spin structure S , let P\ = ^2\pi] as in 
equation (10), and P 2 = P\ + [a], (a £ supp(Pi)). Let Ti — J 7 s 1 .p i .s an d = 
^s 2 ,s,Pi (* = 1)2) as in equation (i4.ll). Then JC 2 fl T\ — {s e JCi \ s(a) = 0}. 



24 



ROB KUSNER AND NICK SCHMITT 



Now, to see why this implies the above examples are immersed, let P\ be the 
divisor of ends of even degree n < 9, and let (si, S2) be the spinor representation of 
a minimal branched immersion. Supposing this surface is not immersed, let a be a 
branch point of the surface, and set P2 = Pi + [a]. Then si and S2 are independent 
sections in /Ci and si(a) = 0, s 2 (a) = 0, so by Lemma 4 above, si, S2 € /C2. 
Applying Lemma 3 (ii) , we have that 

2 < dim/C 2 < [Vn] < 2, 

so dim/C2 = 2. This contradicts the fact that n + 1 — dim/C 2 is even (Lemma 3(i)). 

19. Projective planes with three embedded planar ends 

It was shown in [19] that any finite-total-curvature minimal immersion of a punc- 
tured real projective plane with embedded ends has only planar ends, and has at 
least three of them. Hence those which are the subject of the following theorem 
are the examples of minimal projective planes with the fewest number of embedded 
ends. One method for determining the moduli space of minimally immersed pro- 
jective planes punctured at three points was given in [6]. Here we provide another 
description of this moduli space using the spinor representation. Note that all these 
surfaces compactify to give surfaces minimizing W = J H 2 dA among all immersed 
real projective planes [18], with minimum energy W = 12n. 

Theorem 17. Let YI3 C ^6 be the moduli space of complete minimal immersions 
of real projective planes punctured at three points with finite total curvature and 
embedded planar ends modulo Euclidean similarities. Then 

(i) n 3 is homeomorphic to a closed disk with one point M removed from the 
boundary; 

(ii) the point Mq represents the Mobius strip with total curvature — 67r in the 
sense that if 7 : R + — ► U3 is a curve with limt^oo -f(t) = Ma, then there 
is a one-parameter family of immersions X t parametrizing the surfaces 
-f(t) such that as t — > oo, X t converges uniformly on compact sets to a 
parametrization of the Mobius strip; 

(iii) the surfaces with non-trivial symmetry groups are represented by the bound- 
ary of the disk, which represents a one-parameter family of surfaces which 
have a line of reflective symmetry; among these, the only surfaces with 
larger symmetry groups ( other than Mo ) are two surfaces which have, re- 
spectively, the symmetry groups Z 2 x Z 2 , and D 3 , the dihedral group of 
order 6. 

Proof of (i). The two-sheeted covering of the projective plane is the Riemann sphere 
S 2 = C U {00}, with order-two orientation-reversing deck transformation I(z) = 
— l/z. By a motion in PSU(2) the six preimages on the sphere of three points in 
the projective plane can be normalized as in Section 18 to be 

{ai,/(ai),a 2 ,/(a 2 ),0,oo} 

with the product of the first four equal to 1. With this choice, following the notation 
of Section 18, we have 



o~2 e K; a 3 = -or; t 3 = n. 
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For each choice of ends satisfying equation (15), up to dilations and isometries 
of space there is a unique minimal immersion of the projective plane, whose spinor 
representation is given by Vi(h,t 2 ), with ti, t 2 as in Section 18. For if y/i(ti,t2) is 
the spinor representation of another immersion with the same ends, then a motion 
in C* x PSL(2,C) can make t\ = t\, and the compatibility condition in Theorem 8 
forces t 2 = ±t\. Hence the moduli space n 3 can be parametrized as a quotient 
space of 

r = {(a 1 ,a 2 ) € C x R | nT 3 + a x a z - 20 = 0, cr 3 = -^l}, 

where o"i, a 2 , c 3 are the symmetric polynomials of the ends defined in Section 18. 
The desired moduli space is a quotient space of T, since permutations of the ends 
give rise to the same surface. 

Since the parameters o\ and a 2 depend on the particular normalization of the 
ends made in Section 18, new parameters are chosen, namely the three direction 
cosines (ci, c 2 , c 3 ) of the angles between the ends 0, a\ and a 2 , viewed as vectors in 
S 2 C M 3 . With these parameters, the determinant of O becomes, up to a non-zero 
multiple, 

(c\ + 3)(cl + 3)( C 2 + 3) - 32(cic 2 c 3 + 1). 

The surface 

r= {(ci,c 2 ,c 3 ) CM 3 | ( C 2 + 3)( C 2+3)( C 2 + 3) -32( Cl c 2 c 3 + l) =0} 
in the cube 

C = {(x,y,z) eR 3 \-l< x,y,z < 1} 

is a tetrahedron-like object but with smoothed edges and (omitted) vertices at 
(1,1,1), (1,-1,-1), (-1,1,-1), and (-1,-1,1). 

The moduli space II 3 is diffeomorphic to a quotient of T which arises from per- 
mutations of the ends. A choice c = (ci,C2,c 3 ) determines a set of six ends on 
the double-covering sphere. The group of rotations of the cube is the order-24 
permutation group S4 generated by two kinds of elements: 

• permuting the three numbers (ci, c 2 , c 3 ), 

• negating any two of the three numbers (ci, c 2 , c 3 ). 

Action under this group determines the same six ends. Hence D = T/S4 is a 
representation of the moduli space II 3 of minimal projective planes with three 
embedded planar ends. D can be shown to be topologically a closed disk with the 
point corresponding to the corner (1, 1, 1) of the cube removed. 

Proof of (ii). The minimal Mobius strip with total curvature — 671- , found in [23], 
has spinor representation 

G(w)Vdw = Vi(—{w + l)/w 2 ,w — l)Vdw 

Let (cti(s), <t 2 (s)) : M + — ► T be a proper curve. It follows from the reality of a 2 
that 

lim — — = lim — — = lim 1 ^ \ = 0, 

s^oo <7l(s) s^oo 0~ 2 (S) s^oo 0~ 2 (S) 

and by a permutation of the ends we can assume 

lim ^pU 1. 
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Further, 







lim 


Tl( S ) 
CTi(s) 


since 




2 






Tl 




TlT 3 




CTl 




(T1CT3 


Now choose a function a : 1 


+ _ 


^S 1 


C C s 



= 1, 



ri(s) 



lim . 



20 



- a(s) = 0, 



and so 



Ms) 



lim . 



0. 



Let X be defined by 



-a(s) 

X(z)Vfo = —(tl,t2), 

where ti, £2 are as in Section 18. A careful reparametrization and rotation of the 
surface generated by X(z)\fdz converges uniformly in compact sets to the Mobius 
strip given above: Let z = aw, and 

a 3 / 2 
a" 3 / 2 

Then 



A n — 



A a X(z)Vdz = A a \faX{aw)^f dw 
is the appropriate reparametrization and rotation. This amounts to showing 

lim A a ( s ) J a(s)X(a(s)w) — G(w) 

s— »oo 

uniformly in compact sets not containing the ends, which follows by a calculation 
using the limits above. 

Proof of (Hi). To find the surfaces in LT3 which have non-trivial symmetry groups 
as surfaces in space, let G = Z2 x PSU(2) = 0(3) be the group of conformal and 
anti-conformal diffeomorphisms of CU {00} = S 2 with the property that any £ e G 
commutes with /. Via stereographic projection, G can be thought of as the isometry 
group of S 2 C K 3 , so £ £ G satisfies a ■ b — £a • £6. The group of symmetries of 
the minimal surface in space induces a subgroup H C G acting on the domain 
S 2 . Moreover, the subgroup H C G which permutes the ends is isomorphic to 
the subgroup K C S4 which fixes the point (ci, C2,c 3 ) representing the ends, since 
£ € H preserves the inner product defining the cosines c\ , C2 , C3 . 

The point of all this is that the symmetry group of a surface represented by 
(01,02,03) G II3 can be determined by finding the subgroup of S4 which fixes 
(ci, 02,03). Using this method, the symmetric surfaces other than the Mobius strip 
at (1, 1, 1) are 

• elements of dD, each with a line of reflective symmetry, 

• (V5/3, 0, 0) G dD with symmetry group Z 2 x Z 2 , 

• (c, c, — c) G dD with symmetry group S3 = D 3 

The last (and most symmetric) of these is a surface described in [19]. □ 



THE SPINOR REPRESENTATION OF SURFACES IN SPACE 



27 



20. f2 ON THE TWISTED TORUS 

For the non-example in Section 22, and for the example in Section 23, it is 
necessary to compute a basis for T for the twisted torus (see Section 7), and the 
matrix for f2 in this basis. On the torus C/{2wi, 2^3} with the standard coordinate 
u, let S be the spin structure corresponding to the twisted torus, that is, represented 
by the holomorphic differential ip^ = du. Let P — [ai] + • • • + [a n ] and set u>2 = 
ui\ + 1V3 throughout the remainder of Part III. 

To show that H = {ap \ c e C}, let t e H. Then < (t) = (t/<p ) + {<Po) = 
(t/<fio). Hence t/ipo is a holomorphic function on the torus, so it is constant. A 
basis for T is {to, t\, . . . , t n -\}, where 

to = fo, 

U = (C(u - - C(u) + C(a»)) fo, 

1 ( p'(u) + p'( ai ) \ 

2 V p{u) - p( ai ) J™ 

(see equation (19)). These arc in T because 
(to) = 0>-P, 

(ti) = [xi] + [Vi] - [ai] - [0] > -P 

where Xi and yi are the zeros of p'iu) + p'(a^) other than —a,. These Sections are 
independent because they have distinct poles, and hence span T since dim J 7 = n. 
To compute £1 in this basis, first compute the expansions of U at a ,...,a„_i 
(assume i, j 7^ 0): 

U = (-u _1 + o(u))<po, 

U = {{ti/<p ){aj)+o(u))<p (i^j), 

U = (u- ai) _ Vo- 



Using equation (13), we have 

Q(ti , tj) 




(otherwise). 

21. Q, ON THE UNTWISTED TORI 



As above, it is also necessary to exhibit a basis for T on the untwisted tori (see 
Section 7), as well as the matrix for £1 in this basis. On the torus C/{2uii, 2lu^} with 
the standard conformal coordinate u, fix r e {1, 2, 3} and choose the spin structure 
on the untwisted torus, represented by 



fr 



2 du 



priuY 



where p r {u) — piu) — p(uj r ). Let P = X][ a «] with the a, £ T \ {0,w r } distinct. 

For this choice of spin structure, H = 0. To show this, first note first that 
((f r ) = [0] - [u r ]. If ten, then 

< (t) = (t/cfir) + (if r ) = (t/ifir) + [0] - [w r ] . 
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It follows that (t/ip r ) > [u) r ] — [0]. But since t/<p r is a function, the degree of its 
divisor is 0. Hence (t/ip r ) = [u r ] — [0]. But this is impossible by Abel's theorem 
on the torus: for an elliptic function /, if (/) = J2 n i[Pi\ ( as a formal sum) then 

X) n iPt = ( as a sum m 

A basis for T is {ti, . . . , t n }, where 

U{ U ) = (C( u - a i) - C(«) - C(^r - Oi) + C(u>r)) fr 

If p r {u)p' r {ai) + p' r {u)p r {ai) \ 

2 I pr(a t )(p r (u) - pr(at)) J 

(see equation (19)). These are in T because (<p r ) = [0] — [ui r }, so (ti) = [ai — w r ] — 
[a^ > ~P, and are independent because their poles are distinct, so they span T 
since dimJF = n. The expansions of ti at a\, . . . , a n are 

U = ((ti/<fr)(aj) + o(u - aj))ip r (i^j), 
ti = ((u - a^ 1 + o(u - ai))<p r . 



Using the local expression (13) for fi, we have 

n(ti,tj)=l Pr aj 

{ o 



(i=j)- 



A particularly simple situation arises when the ends come in pairs a and —a. 
Assume n — 2m and a m +i = — a^ (i = 1, . . . , m). In this case, a simpler basis is 
{ti, t m ,tm+i, hm}, where for 1 < i < m, 



U = 



-(ai) 



(ti — tm+i) fr 



PrK) 

tm+i (ti ~\~ t m +i)^ r 

In this basis, the matrix for f2 becomes 



-(«) 



p r (u) - p r (ai) 
p r (u) - pr(ai) 



ip r . 



where W is given by 



Wi, 



(— 


W ' 


\ -w* 





4 




pr(ai) - p r (aj) 




4 





o r (aj) - p r (ai) 



pr(a%f 



pr(ai)(p r (ai) - C p )(p r (ai) - C q ) 



(* <i)> 

(i>j), 
(i=j) 



and c p = e p — e r , c q = e q — e r , {p, q, r} = {1,2,3}. Note that the entries of W are 
entirely free of p' r . 

A useful property of the basis above is as follows: let L : M — ► M be defined 
as L(u) = —u; then for i < m and j > m + 1, 



L (titj) — tit 



3 ' 
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SO 




and so 

titj — (i < m; j > m + 1; k = 1, 3). 

22. Non-existence of tori with three planar ends 

An outline of the proof of the non-existence of three-ended tori, twisted or un- 
twisted, is given. 

Theorem 18. There does not exist a complete minimal branched immersion of a 
torus into space with finite total curvature and three embedded planar ends. 

Sketch of proof . The proof is divided into two cases: for the twisted torus there 
exist immersions with periods, but the periods cannot be made purely imaginary; 
for the untwisted torus, there are not even periodic examples. 

First consider the more difficult case of the twisted torus. With everything as in 
Section 20, let {0, 01,02} be the set of ends, and let pi = p(di), p- = p'(ai). The 
condition dim/C > 2 puts the following condition on the placement of the ends: 

.92 = 4(pf +P1P2 + P%), 

where g 2 is the constant in the differential equation (p') 2 = 4p 3 — g 2 p — 33. To see 
this, first note that kerfi = JC © Ti and dim7i = 1. Hence if dim K, = 2 then O = 0. 
Assume first that a\ + a 2 7^ 0. Then p\ — p 2 7^ 0, and the entries of O indicate that 
Pi + P2 = Hence 

(pi) 2 =4pl- g 2Pl -g 3 

and 

(P 2 ) 2 = 4P2 - 92P2 - 53 

are equal, and the desired condition follows. The condition also obtains in the case 
that a\ + a 2 = 0; this can be shown as a limiting case of the above. 
Changing basis now to simplify the period equations, let 

t\ = t\ + et 2 , 
t 2 = ti + e t 2 , 

where e = (— 1 + \/3)/2. With 71, 73 the closed curves parallel to wi, lo% respectively 
(as in Theorem 22), the integrals relevant to the periods are (for k = 1, 3) 




= -6q 2 u k , 



where 

Qi = -((e-e 2 ) Pl + (e-l)p 2 )/3 7 

Q2 = -((e 2 -e) Pl + (e 2 -l) P2 )/3, 

qiQ2 = (pj +P1P2 +pI)/3 = 52/12. 



/ 
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A choice of a pair of independent Sections from JC can be normalized by the action 
of R* x SU(2) to be 

si = zxii+i 2 , 
s 2 = z 2 ii, 

with z\, z 2 € C. Then the period equations (9) can be written 

251 ^ *(,\\ = o, 



where 



z\q\ + q 2 J V 1i z ~2 

Z2 )+b( _l 2 _ 2 ! = 0. 

qiziz 2 J \ q x z x z z 2 

B = A-'A=( a A=( Vl Ul 

Changing from the variables (z\, z 2 ) to (w, z 2 ), this system is equivalent to the 
system 

w 2 + b 2 q 1 q 2 - d 2 = 0, 

2w + 2d - b 2 q{q{z\ = 0, 

wz 2 + z 2 = 0. 

From these it follows that 

ww —1 = 0, 

aw 2 — a = 0, 

—a — ab 2 qiq 2 + ad 2 = 0. 

This last condition, depending only on the conformal type of the torus and not on 
w, zi, and z 2 , is a degeneracy condition for the period equations. It also follows, 
by an examination of the sign of a(w — a) e K, that 

\a\ > 1. 

A delicate argument, which is omitted here, using the expansions [21] 

.92 = 

m = 

where 




cr fe (n) = 

d\n 

shows that the degeneracy condition is not satisfied under the constraint \a\ > 1 
over the whole moduli space of Riemann tori. Hence no examples with three ends 
can be found in the case of the twisted tori. 

The case of the untwisted tori is much easier. Fix r G {1, 2, 3} and let ip r be as 
in Section 21. Let {ai 7 a 27 a 3 } be the ends, translated so that they avoid {0,w r }, 



THE SPINOR REPRESENTATION OF SURFACES IN SPACE 



31 



and let {t\, t 2 , £3} be the basis for T given in the same section. The condition that 
dim/C = dimkerSl < 2 forces fi to be zero. This means, for example, that t\/ip r 
have zeros at a 2 and a 3 . But the zeros of ti/ip r are uo r and a\ — w r , so one of a 2 , 
a3 has to be w r , contrary to the assumption. □ 

23. Minimal tori with four embedded planar ends 

Here the existence of families of four-ended minimal tori — none of which are 
regularly homotopic to embedded tori — is established. These surfaces conformally 
compactify to yield VU-critical twisted tori with W — IfSir and isolated umbilics. 

Theorem 19. For each conformal type of torus there exists a real two-dimensional 
family of complete minimal immersions of the torus punctured at four points into 
space with finite total curvature and embedded planar ends. Each of the tori is 
twisted. 

Proof. To exhibit the family, it is first necessary to determine the placement of 
the four ends. The ends in fact must be, up to a translation, at the four half- 
lattice points. To show this, on the torus C/{2wi, 2cj 3 }, assume the four ends are 
{0,01,02,03}, where 01, 02, a 3 are distinct points in the torus to be determined. 
With <y9Q = du, the matrix for in the basis {to, ti,t 2 , t 3 } — {<p , fifo, fzVo, /3V0} 
of Section 20 is 

/ \ 

_ h(a 2 ) Mas) 

/ 2 (oi) f 2 (a 3 ) ■ 
V /a(o2) / 

If kerfi = H JC is two-dimensional, then dim/C = 1, since dimW = 1, so 
K, is not big enough to generate a minimal surface. Hence to produce surfaces, 
rankfJ, being even, must be zero. In this case, all the entries of the above matrix 
are zero; a look at ti shows that p'( a i) + p'( a j) = f° r au i ^ 3- K follows that 
p'(ai) = p'(a 2 ) = p'(a 3 ) = 0, so {ai,a 2 ,a 3 } = {wi,w 2 ,cj 3 }. 

With the ends fixed at {0, u>\, w 2 , W3}, T = kciQ = H © /C, so {ti,t2,t 3 } is a 
basis for JC. The simple zeros and poles of t\, i 2 , and t 3 are shown in the following 
figure. 




ti ti t 3 



Figure 5. Zeros and poles of t\, t 2 , and t 3 
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To solve the period problem outlined in Section 9 it is convenient to choose a 
new basis {t\,t2, h} for JC which "diagonalizes" the period equations. Let 





or 



ii{u) 

*3(«) 



(C(«) + C(u - wi) - ((u - u 2 ) - ((u - u 3 ) + 2C(o>i))<A), 

(C( u ) - C( u - wi) + C(m - w 2 ) - C(« - w 3 ) + 2C(w 2 ))^o, 



The simple zeros and poles of i\, i 2 , and i 3 are illustrated below. 




Figure 6. Zeros and poles of i\, t 2 , and £3 

To compute the periods, use equation (20) to write 

= (p( u ) + p( u - w i) + p( u - + p{u - w 3 ) - 4p(wi)) du, 

{iih){u) = (p(u) - p(u - lji) - p(u - w 2 ) + p(u - 0J3)) du, 

(£if 3 )(u) = (p(u) - p(u - ujx) + p{u - UI2) - p(u - w 3 )) du, 

{iih){u) = (p(u) + p(u - ujx) - p(u - lo 2 ) - p(u - w 3 )) du. 

With 71, 7 3 the closed curves on the torus respectively parallel to u\, w 3 , the periods 
are 

-8(% + w fe e;) if i = j 
if i ^ j 



P? = I khdu = 



(fc = l,3), 



where ej = and % = C(wfc) (see appendix E). In general, with 



ti 

*2 



the period equations (9) are 



E 

l<i,j<3 

E 

l<i,j<3 



Xltl + .T 2 t 2 + #3*3 

yih + V2h + Uzh 



l<i,j<3 

e iR (k = 1, 3). 
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Now let (i, j, k) be a permutation of (1, 2, 3) and make the particular choice 

S2 = ik- 

The second period equation above is satisfied for all Xi, xj, and the first period 
equation can be written in the form 




where rji = Ci^i) an d e.% — p{^>i) and B is defined in Section 22. The condition that 
the surface be immersed is that S\ and s 2 have no common zeros. The zeros of s 2 
are at {oj k /2, u k /2 + u>i,u> k /2 + u 2 , 0J k /2 + w 3 }, and 

t 2 m (Lj k /2)=? m (uj k /2 + w l ) = 4(e k -e i ) (m = i,j; 1 = 1,2,3). 

A necessary condition that the surface branch is that 

(e k - ei)x\ - (e k - e^x] = 0, 

or 

( g 2 /2 - 3el -3e k ) B ( ^ ) = 0. 

With the choice {i,j,k} — {1,2,3} it can be shown that this condition is not 
satisfied in the standard fundamental region of the moduli space of tori. The proof 
uses the g-expansion for g 2 and r\ given in Section 22, as well as the expansion 

2 / 00 \ 

where 

r(n) =J2 d - 

/ ln dd 

Thus we have found a single immersion of every conformal type of torus punc- 
tured at the half-lattice points. Since the period conditions amount to at most six 
real conditions on 12 variables, there is a real 6-parameter family of surfaces, which 
modulo the action of the group in equation (8) leaves a 2-parameter family. The 
existence of the real two-dimensional family follows from the fact that the condition 
of being immersed is an open analytic condition. □ 



24. Minimal Klein bottles with embedded planar ends 

A minimal Klein bottle is constructed in this section. Its compactification is 
a W^-critical surface with energy W — 167r, which lies in the amphichiral regular 
homotopy class Ko =B#B of Klein bottles (cf. [18], [29]). There are no minimal 
Klein bottles with two embedded ends [19], and we conjecture there are none with 
three embedded planar ends. 

Theorem 20. There exists a minimal immersion of the Klein bottle with four em- 
bedded planar ends. 
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Proof. To construct this example, let T = C/{2u)\, 2u> 3 } be a square lattice with 

lu 3 = iwi, u 2 = -u>i - oj 3 , p{u>i) = 1, p{u> 2 ) = 0, p(u 3 ) = -1. 

Let /: T — > T be the deck transformation I(u) =u + uli 1 as in Theorem 22 (i) of 
Appendix F. Let a <G T be a point (yet to be determined) such that 1(a) = —a, 
and let E = {ai, . . . , as} C T be the points in Table 3. 

Table 3. Values of a and d at ends of Klein bottle 



u 


p{u) 


P'{u) 


I(u) 


ai 


= a 


r 


r' 


a 5 


0,2 


= a + u) 2 


-l/r 


r'/r 2 


a 6 


az 


= —ia 


—r 


—ir' 


04 


a.4 


= —ia + u>2 


l/r 


—ir'/r 2 


03 


as 


= -oi 


r 


-r' 


Ol 


ae 


= -a2 


-l/r 


-r'/r 2 


02 


a 7 


= -03 


—r 


ir' 


a 8 


a 8 


= — 04 


l/r 


ir'/r 2 


a 7 



We want to construct a minimal immersion X : (T\E)/I - 
X(z) = Re / (s 2 - s 2 , i(s 2 + s 2 ), 2s!S 2 ), 



where s\, s 2 are sections of the spin structure S determined by ip, with 



du 



du 



p(u) - p(w 2 ) p{u) ' 
S'tep Determination of the ends. Let {t\, . . . ,t s } 7 
p(u) . _ P'(u) 



t r 



-V, t, 



p(u) - p(a a ) r ' " a+4 p(u) - p(a a ) ' 
be a basis for T, as in Section 21. The skew-symmetric matrix for VL in this basis is 



ip (1 < a < 4) 








- 






where W is given by 



W = 



r 2 + l 


4r 


2 


4r 


r(r 2 — 1) 


r 2 + 1 


r 


r 2 - 1 


-4r 


r(r 2 + 1) 


4r 


-2r 


r 2 + l 


r 2 - 1 


r 2 - 1 


-2 


-4r 


-(r 2 + l) 


-4r 


r 
-4r 


r 2 _ I 

2r 


r(r 2 — 1) 
4r 


r 2 + 1 
-r(r 2 + 1) 


r 2 _ x 


r 2 + 1 


r 2 - 1 
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The desired sections s\, s 2 lie in kerSl, so a necessary condition for existence is 
that 



= det W 



(3r 8 - 4r 6 + 50r 4 - 4r 2 + 3) 2 _ 9(r 4 + mr 2 + l) 2 (r 4 + mr 2 + l) 2 



(r 4 - iy 



(r 4 - l) 2 



where m = — 2(1 — 4\/2i)/3. Let r be the root of r 4 +mr 2 + l in the fourth quadrant; 
with this choice, the domain T\E is shown below. 



U! 3 



—ia + uj 2 

• • 

ia 


-a + lj 2 
a 




—a 






-ia 




ia + ui 2 


a + u>2 









U>2 



Figure 7. The eight ends in the double cover of the Klein bottle 

Step 2: Choosing sections S\,S2 of S; the period equations. With r fixed as above, 
rank SI is 4, and a basis for kerO is {s\, §2, S3, S4} where 



0=1 



a=l 



ci = (2(r 2 -l) 2 ,(r 2 + l)(r 2 -3),(r 2 + l)(3r 2 -l),-2(r 2 -l) 2 ), 
c 2 = ((r 2 + l)(3r 2 -l),-2(r 2 -l) 2 ,2(r 2 -l) 2 ,(r 2 + l)(r 2 -3)), 

and I* is a choice of a lift of the deck transformation I to the spin structure S. 
Let 

Si = Xi§i + x 2 s 2 

X\, x 2 € C . 

s 2 = z/*si = xi§ 3 + X2-h 

We want to find xi, X2 such that the real part of all periods are zero. By Theo- 
rem 22 (iv) in Appendix F, the period equations reduce to the single equation 







f s 2 =x 2 P 1 11 + 2x 1 x 2 P 1 12 +x 2 P 22 
J 71 



where 



pa/3 _ 



S a Sf3 



along the curve 7^ : 1 1 — > icjfc (—1 < t < 1). 
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Step 3: Explicit solution of the period equation. The period equation above can be 
solved once P^ are known. To compute these, let 

s\ = ^ ^- 'Y^A a p{u- a a ) + p)j du, A = J2 A a 

s 1 s 2 = i ^-£C Q p(w-a Q ) + pj du, C = C a 

as in equation (20). Then 

Pi 1 = f s\ = A m +Bw u 

J "V, 



/ 

J 71 



P{ = / h82 = Crti.+Du) U 



Pi 1 = Ar] 3 + Buj 3 = i(-Arn + Bwi) 
P3 2 = Cr 1 z + Dwz=i{-Cr h +Du l ) 

Vk = —= \ p{u)du. 

Let J: T — > T be defined by J(u) = to, and let J* be a lift of J to S. Then 
.§1 = ViJ*S2, §2 = ViJ*§i 
for some choice of \fi. Then 

P\ 2 — I si§2 = / iJ*si§2 = i J*si§2 = i / sis 2 = iP$ 2 , 
J 71 J 71 Jj(ii) J73 

so Z) = 0. Again, 

A 22 = [ [ U*s 2 =i f s{=if s\ = iPl\ 

J 71 •'71 Jj(-ti) "^73 

so P x 22 = A771 - Bwi. 

Having computed P* 1 , Pj 12 , P 22 in terms of A,B,C, we compute A, P,C by 
expanding s a sp/du in two ways and equating coefficients. On the one hand, by the 
definition of s a , we have 

Wd« = £ ^ — r^-k — t^t C 1 < /3 < 2 ; i < 7, <5 < 4). 

^ (p(«) - pK))(p( u ) - PM) 
Using the formula (for p'(u ) finite and non-zero) 

1 = WN 

p(u) - p(u ) « - "0 

we get the expansion at a 7 



+ • ■ 



SaSp/du 



c2c}p( a ~t)/(p'( a ~f)) 2 



(u — a 7 ) 



2 
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On the other hand we have the expansions at a 7 




-<V2 



(u — a 7 ) 2 



A, = -2(c7) 2 pK)/(p'(a 7 )) 2 
C 7 = -2c7c]p(a 7 )/(p'(a 7 )) 2 , 



so 



A = J2 A * = -32r 2 (r 4 + 4r 2 + l)/3 
C = ]Ta = -2(r 4 -!) 2 . 



To compute -B, note that si has a zero at to get 



B = Y J A 1 p{a^)=Ar{r 2 + lf. 



This solves the period equation. 

Finally, that the immersion is unbranchcd is the condition that s\, S2 have no 
common zeros. This amounts to the condition that if u is a zero of s\, then I(u ) 
is not. By using the identity 



this can be checked by setting Si to zero, and solving numerically the cubic in p 
which results. □ 
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Appendix A. Winding numbers and quadratic forms 

In this appendix, we sketch the proof that qs(c) = w(a, v) + 1 defines a Z 2 - 
quadratic form associated to the spin structure S (Theorem 1). 
Proof. Let ao, and a\ : S 1 — ► M be embedded representatives (sec [24], [16]) of 
c £ H\(M, Z2). Let wo, v\ be smooth nonzero vector fields which lift along ao, oti 
respectively to sections of the spin structure S. Let a t (t e [0, 1]) be a homotopy of 
ao and a\. Extend v to a smooth nonzero vector field v in an annulus containing 
the image of a t . Then w(a t ,v) is a continuous function of t, and an integer, hence 
it is constant. In particular, 

w(a a ,v ) = w(ai,v). 

But v = vq lifts along ao to a smooth section of S. So v must also lift along a±. 
Since v\ also lifts along ai, by the lemma below 

w(ai,v) — w(ai,v\). 

Thus 

w(a ,v a ) = w(ai,vi), 

showing that qs is well-defined. 

Now, to show qs is quadratic, let a\, a 2 be embedded representatives of ci, 
C2 € H\(M, Z2) chosen such that 

x = # of intersection points of ai and 02 = ci • C2. 

Let N be & regular neighborhood of a\ U a 2 on M, with N diffeomorphic to the 
thrice-punctured sphere or punctured torus as x = or 1, respectively. Choose an 
embedded representative [3 : S 1 — ► N for c\ + c 2 . Therefore 

qs{ci+c 2 ) = w(/3, v) + 1 = (w(ai,v) + w(a 2 , v) + (x + 1)) + 1 
= (w(ai,v) + 1) + (w(a 2 ,v) + 1) + x 
= Qs(ci) + qs{c 2 ) + ci • c 2 . 

Lemma 5. //a : S* 1 — > M is an embedded curve on a surface M with spin structure 
S, and v\, v 2 are smooth non-zero vector fields along a, then w(a,vi) = w(a,v 2 ) 
if and only if v\ and v 2 alike lift or do not lift along a to smooth sections of S. 

Proof. We may assume M is an annulus containing a(5' 1 ) as the unit circle, with 
spin structure Sk (k = or 1) as in Section 1. Any vector field S 1 — ► C is of the 
form 1 1 ^ t p {f(t)] 2 , where / is smooth and 

_ J k if v lifts, 
P [ 1 — k if v does not lift. 

Then, with w a {hx,h 2 ) defined as the winding number (mod 2) of h\ against h 2 (or 
equivalently, of h 2 /h\) along a, 

w a {v u v 2 ) = Wct (t p [/ 1 (t)] 2 ,^[/ 2 (t)] 2 )- Wct (t p ,^)=p + ( Z (mod 2) 

{0 if v\, v 2 alike lift or do not lift, 
1 otherwise. 

But w a (vi,v 2 ) = w(a, vi) + w(a, v 2 ), and the result follows. □ 
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Appendix B. Spin structures on hyperelliptic Riemann surfaces 

Here the spin structures, their corresponding quadratic forms, and their Arf 
invariants are computed explicitly for hyperelliptic Riemann surfaces. 

Theorem 21. Let 

be a hyperelliptic Riemann surface of genus g, where A — {ai, . . . , a2 g +\\ C C is 
a set of 2g + 1 distinct points. Let z — Xi/x 3 and w = x 2 /x 3 . For each subset 
B C A, define 

Jb{z) = JJ (z - a) and g B = f B (z)dz/w. 

a€B 

Then 

(i) Any differential t]b represents a spin structure in the sense of Theorem 6. 

(ii) The set of 2 2g meromorphic differentials 

{VB | B C A,#B < g} 

represent the 2 2g distinct spin structures on M . 

(iii) With qs the quadratic form corresponding to r/B, let 7 be a curve in M 
whose projection to the z -plane is a Jordan curve which avoids 00 and A, 
and let C C A be the set of branch points which lie in the region enclosed 
by 7 (so ffC is even). Then 



to([7]) = #(SnC7) + i#C (mod 2). 



(iv) With qB as in (iii), 
Arfg B = 



+1 if 2g - 2ffB + 1 = ±1 (mod 8), 
-1 if 2g - 2ffB + 1 ee ±3 (mod 8). 



Proof of (i). Let Pi = P Ul = [a i7 0, 1] and P^ = [0, 1,0] be the branch points of the 
two-sheeted cover z : M — > CP 1 . Then the divisor of tjb is 

2 ((ff-#B-l)Poo + ^P a ) • 

Since this divisor is even, the differential represents a spin structure by Theorem 6. 
Proof of (ii). Note that there are ( 29 r ^ 1 ) differentials in the (r+l) th row, totaling 

Er=o C 9 ? 1 ) = 229 ■ AU but those in the last 

row are holomorphic. 
In order to prove that these differentials represent distinct spin structures, we 
first compute the relations on the divisors of the form ^ fa Pi + fax, Poo- Two such 
divisors are equivalent if and only if there is a meromorphic function M whose 
divisor is their difference. Since the functions w and z — a; t have respective divisors 

H = P 1 + --- + P 2g+1 -(2g+l)P 00 , 
(z-m) = 2P l -2P 00 , 
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we have the independent relations 

nfi x Pi + • • • + P 2s+ i = (2.g+l)Poo, 

{ > 2Pi = 2P 00 (* = 1 2 ff +l). 

To show that there are no other relations independent of these, let fciP+fcoo-Poc = 
be a relation. Then fcj = fcoc, and by the relations above, we may assume 
each ki is or 1. Hence the general relation may be assumed to be of the form 
D — dPoo = 0, where P is a sum of distinct P, G A, and d = ffD. Let h be a 
function with divisor D — dPoo . Since the only pole of h is at Px, , h is a polynomial 
in z and w, so there are polynomial functions /i and / 2 of z such that 

= fi(z) + wf 2 (z). 

Then 

2.9 + 1 > d = - ordP^/i = - ordP 00 (/ 1 + w/ 2 ) > - ordP^u;/, = dcg/ 2 + 2g + 1. 

Thus d = 2g + 1, and Z) = Pi + • • • + P 2s +i, so no new relation can exist. 

We want to show that rjB ± and i]b 2 represent identical spin structures if and only 
if Pi = B 2 or Pi = P 2 , where the prime notation C designates the complement 
A \ C in A. If Pi = P 2 , then this is clear; if Pi = B' 2 , then rjB 2 /' l lB 1 — (/ 2 /w) 2 is 
a square of a meromorphic function on M, and so riB 1 and rjs 2 represent the same 
spin structure by Theorem 6. 

Conversely, suppose that r]B 1 and rjB 2 represent the same spin structure. Then 
by Theorem 6, t]b 2 /t]b 1 = h 2 for some meromorphic function h on M. But 

2(h) - (h 2 ) = (vbJvb,) = 2((d 2 - rfi)Poo + D 2 - Pi), 

where Pi = EaeSi P «' D 2 = J2 a eB 2 Pa > dl = # Bl > and d ? = # S 2- Therefore 
(d 2 — rfi)Poo + P 2 — Pi = 0. By the relations (16), this divisor is equivalent to 

]T Pa-#(PloP 2 )P co , 
aGBioB 2 

where Pi o P 2 is the symmetric difference (Pi U P 2 ) \ (Pi n P 2 ). Since the relations 
(16) generate all such relations, it follows that Pi o P 2 is either or A, that is that 
Pi = P 2 or Pi = B' 2 . 

Proof of (in). It follows from the definition of q = qs that ^([7]) is the degree 
(mod 2) of the map f(z)/w thought of as a map from the curve 7 on M to C\ {0}. 
Let h= {f/w) 2 . Then 

deg h = ^ ordp h + ord p h, 

h(p)—0 h(p) — oo 

the sums being restricted to points within 7. This computes to 

deg h = #(P n C) - #(P UC) = 2(#(P n C) - !#c), 
which shows that 

<Z ([ 7 ]) = #(PnC) + i#C (mod 2). 

Proof of (iv). In order to compute Arfg, we first compute ^2q(a), where a 
ranges over Hi(M, Z 2 ). Correspondingly, the set of branch points C in the region 
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enclosed by a range over the subsets of A of even cardinality. Hence ^ q(a) is the 
number of such subsets for which q(a) = 1, that is, for which 

#{B n C) - #{B' n C) = 2 (mod 4). 

The set of such subsets is 

{RU S \ RC B,S C B', #i? -#5 = 2 (mod 4)}. 

The cardinality of this set is 



£*»-.£.C)(!;) 



where b = #B, b' = #£?', and the sum is over i and j with i — j = 2 (mod 4). 
To compute this sum, define 



Then 

S» - EC) E G)=?0^> 



j=i+2 

3 / , x 3 



p=0 n x ^ 7 p=0 

Using a fact about Pascal's triangle 

£(c, k) = 2< c - 2 )/ 2 (2( c - 2 )/ 2 + cos f (c - 2fc)) , 

we have 

£ g(a) = 2( 2 s- 3 V 2 (2<"- 2 )/ 2 + cos f (b - 2p)) (>'- 2 )/ 2 + cos f (&' - 2p)) 

= ^--L^cosf(6-2p)cosf(6'-2p)^ 
= 2 9 " 1 (V - V2cosf (2. 9 - 26+ 1)) 



29-1(23-1) if 2 3 - 26+ 1 = ±1 (mod 8), 
29-1(29 + 1) if 2.9- 26+ 1 = ±3 (mod 8). 

Since (-1)* = 1 - 2t for t = or 1, 

Arf = 27 E^ 1 )^ = 27 (229 " 2 E 
is +1 or —1 according as 2g — 2b + 1 is ±1 or ±3 (mod 8). □ 
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Appendix C. Group action on spinors 

In this Appendix we outline the proof that GL(2,C) is the spin covering group 
of the linear conformal group (Theorem 7). 

Proof. Identify C 3 with the set T of trace-free 2x2 complex matrices via 
/ n ( x 3 -xi + ix 2 \ v 

{Xi,X2,X 3 ) < > . = X, 

and identify K 3 C C 3 with T R = {X £ T \ X = X*}. The inner product on C 3 
becomes 

X-Y = YX^ = \trXY, 

and 

X X = - tiX 2 = -detX, 
2 

so Q C C 3 is identified with 

r Q = {X £ T | dctX = 0}. 
Similarly, C 2 may be identified with the set A of matrices of the form 

X\ Xi 

x 2 x 2 

•<2 



o(X) = XJX', where J = I !? ^ I , and X' denotes the classical adjoint 



Under these identifications the map a : C — > Q becomes a : A — ► Yq given by 

0-1 
1 

a b V = / d -6 
c d J \ —c a 

satisfying XX' = X' X = {ActX)I and (XY)' = Y'X'. 

In order to satisfy equation (7), then T must be defined, for X £ V, by 

T(A)X = AX A'. 

It follows that T(A) is linear and maps T to itself, and that T : GL(2, C) — ► 
GL(3,C) is a homomorphism with kernel {±/}. That T restricts as indicated 
follows from the equation 

T(A)X ■ T(A)Y = (dct A) 2 X ■ Y 

and the fact that T(A)(Y R ) = T R for 4eR*x SU(2). □ 
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Appendix D. The pfaffian 

Here we recall some basic facts about skew-symmetric forms. 

Definition. A bilinear form A on a vector space V of dimension n is skew-symmetric 
if 

A(v 1 ,v 2 ) + A(v 2 ,vi) = for all v 1; v 2 e V, 
or alternatively, if the matrix A for A satisfies 

A + A 1 = 0. 

The space of skew-symmetric bilinear forms is A 2 (^*)- The pfaffian is a function 
on skew-symmetric forms whose square is the determinant. 

Definition. For A e f\{V*), the pfaffian of A is 

m times 
. . 



pfaffian ,4 =^ Aj (A A • • • A A) if dim(V) = 2m is even, 
if dim(V) is odd. 

For a matrix (a^) of A E A 2 (^*) m the basis {e\, . . . ,e m } the pfaffians for 
m = 2, m = 4, and m = 6 are respectively 

ai2, 

012034 — 013024 + 014023, 
012034056 — 012035046 + 012036045 _ 013024056 + 013025046 — 
013026045 + 014023056 — 014025036 + 014026035 — 015023046 + 
015024036 — 015026034 + 016023045 — 016024 035 + 016025034. 

The general pfaffian of a 2m x 2m matrix has (2m)!/(2m!) = 1-3-5 (2m — 1) 

terms. 

Lemma. The rank of a skew-symmetric matrix is even. 

Proof. Let A be an m x m skew-symmetric matrix with rank r. The proof is by 
induction on m. In the case m — 1, then A = (0) with even rank 0. Assume for 
some n that the lemma is true for all skew-symmetric matrices smaller than A. If 
n is odd, then 

det A = det A t = det(-A) = (-1)™ dct A = - dct A, 

so det A = and A has a non-zero kernel. If n is even, then A also has a non-zero 
kernel unless it has full — hence even — rank r — n. So in cither case we may 
assume A has a non-zero kernel. 

Let vi, . . . ,v n - r be a basis for kerA, and let vi, . . . , v n - r , w\,...,w r be an 
extension of this basis to a basis for C". Let P be the n x n matrix with these 
vectors as columns. Then P*AP is of the form 

P*AP = 












A 



where Aq is an r x r matrix of rank r < n. Moreover, 

(P*AP)* = P l A l P = -(P*AP), 
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so P t AP, and hence Aq is skew-symmetric. By the induction hypothesis, r = rank A 
is even, since it is the rank of the smaller skew-symmetric matrix A . □ 

Appendix E. Elliptic functions 

For reference, here are some standard notations and facts about elliptic functions 
used in this paper (see for example [9], [10]). 

Lattices. A non-degenerate lattice A is real if A = A. There are two kinds of real 
lattices: 

(i) rectangular: generators w^R and ui 3 € iM. can be chosen for A. 

(ii) rhombic: generators uo\ and uj 3 = ZJi can be chosen for A. 

For any lattice with generators u>i, u 3 , let uo 2 = —<^i — ^3- 

The Weierstrass p function: Given a lattice A generated by u>\ and cj 3 , the 
elliptic function p on C/A satisfies the differential equation 

(p') 2 = 4 P 3 - 92p - 93 = 4(p - ei)(p - e 2 )(p - e 3 ), 

where 

ei = p(u)i) (i = 1,2,3), 
ei + e 2 + e 3 = 0, 
.92 = -4(eie 2 + eie 3 + e 2 e 3 ), 
g 3 = 4eie 2 e 3 . 

The function p has a double pole at and two simple zeros which come together 
only on the square lattice; p' has a triple pole at and three simple poles at wi, 

LJ2, w 3 . 

The function p is even; p' is odd. On a horizontal rectangular lattice, p(u) = 
p(u); on a horizontal square lattice, p{iu) = — p{u). 
The expansion for p at is 



p(u) = — + —u 



1 , 92 2 

20 



A useful property of p is the following special case of the addition formula 
({i, j, k} is any permutation of {1, 2, 3}): 



(17) p(u ± uii) = ei + 



(d - e J )(e l - e k ) 



p(u) - e 4 

The Weierstrass ( function: The £ function is defined by 

C(m) = - J p{u)du, 

with the constant of integration chosen so that lim^o ((u) — u^ 1 = 0. With 
i]i = ((uii) (i = 1, 2, 3), properties of ( include: 

m + V2 + m = o, 

C{u + 2uj i )=Q{u) + 2r h (i = 1,2,3), 
( is an odd function. 

Legendre's relation is that 
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(18) 771^3 - ?7 3 wi = in/2. 
A form of the quasi-addition formula for ( is 

(19) C(«-t,)-C(«) + C(t;)= 1/rp ' (tl) + ^' ( " ) 



2 V P( u ) - P( v ) 

A useful property of elliptic functions which can also be stated in more generality 
is the following: Let / be an elliptic function with poles of order at most 2, with 
no residues, and with principal parts 

ai a n 
(w-ai) 2 ''"' (u-a n ) 2 ' 

Then 



(20) f(u) = b + Y,a l p(u~a l ) 

for some b, because the difference f(u) — a ip{ u ~ a i) nas n0 poles and hence is 
constant. 

Appendix F. Klein bottles: conformal type, spin structure, periods 

Here we show that the torus covering a Klein bottle must have the conformal 
type of the complex plane modulo a rectangular lattice, we compute the order- 
two deck transformation for the covering, and we show that the spin structure on 
such a torus must be untwisted. (This can also be seen from purely topological 
considerations.) 

Theorem 22. Let X : K' — > R 3 be a complete minimal immersion of a punctured 
Klein bottle with finite total curvature, ir : T — ► K = K' the oriented two-sheeted 
covering by a torus T , and I : T — ► T the order-two orientation-reversing deck 
transformation for this cover. Then we have the following. 

(i) T is conformally equivalent to C/A, where A is a rectangular lattice with 
generators 2oj\ € K and 2w 3 e iR. 

(ii) On this torus, the deck transformation I may be chosen to be I(u) = u+u>i. 

(iii) With this choice, the admissible spin structures are those represented by 
(p(u) - p{Lo 2 ))du and (p(u) - p(uj 3 ))du. 

(iv) If (si, S2) is the spinor representation of X o 7r on T, the period conditions 
reduce to the conditions s\ — and f S1S2 — along a closed curve 
71 parallel to u\. 

Proof of (i) and (ii). Let A be a lattice such that T = C/A . Since every confor- 
mal map from T to T must be linear in the standard coordinate u on C and since 
/ is anti-conformal, I(u) = au + [3 for some a, [3 £ C. The periodicity of I and J -1 
implies that aAo C Ao and S _1 Ao C Ao. These together imply that aAo = Ao- 
Choose 7 e C satisfying |-y | = 1 and 7/7 = a; the rotated lattice A = 7A0 satisfies 
A = A (a so-called real lattice). Hence A is either rectangular with generators 
2wi e M, 2w 3 e iR, or A is rhombic with generators 2u)\ and 2w 3 = 2oJi. On C/A 
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we have I(u) = au + (3 for some new a, j3 G C. As before, aA = A, but A = A, so 
a = ±1. If a = — 1, replacing A by iA preserves its reality, and changes a to 1. 

With a = 1, the condition that / is involutive is that (i + (3 G A. By the change 
of coordinate u ^ u — i Im/3, it can be assumed that /Jet. Then the involutive 
condition is that 2/3 G A. If /3 G A then is a fixed point of I. Hence (3 = uj\ 
(rectangle) or (i = uo\ + uj^ (rhombus). In the latter case, oji is a fixed point of /, 
so the only admissible case is the rectangle, with I(u) = u + u>i. 

Proof of (Hi). The compatibility condition in Theorem 8 demands that /*/* (s) = 
— s for any section s of the spin structure. A computation shows that this condition 
is met only for the two spin structures named. 

Proof of (iv). Let 71 and 73 be respectively the closed curves 1 1— > wif/|wi| + c\ 
and 1 1 ► cj 3 f/|cj 3 | + c 2 , (0 < t < 2), where c\, C2 € C are chosen so that the curves do 
not pass through any ends. Then /(71) = 71, ^(73) = —73- The period conditions 
are 

/ s\ = / s\ and / Sl s 2 G iR (k = 1, 3). 

■'7* "'7* ^7fc 

With 7 as above, under the double-cover assumption 



(si,s 2 ) = ±(i/*s 2 , -i/*si), 

we have 



I s\ = [ -I*st = -[ s\=\ 

J 73 ^73 J 1(13) J 11 



sis 2 = I I*s\s 2 = I s 1 s 2 = - I SiS 2 , 

Y3 -^73 J 1(13) J 13 

so the period conditions are automatically satisfied for k = 3. Moreover, we also 
have 



I s\ = [ -1*4 = -[ s\ = -\ 
J 11 J 11 Ji(n) •'i 



„2 

71 



/ s 1 s 2 = / I*SlS 2 = / SlS 2 = / SlS 2 
^71 •'71 Jl(ll) J 11 

and the first two period conditions (9) become 

/ = and / sis 2 = 
J 11 J 11 

(this amounts to three real conditions because, under the above assumption, the 
second integral is automatically real). □ 
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